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Self-Introduction

Self-Introduction

Hiroshi Hakoyama

Associate professor
hako@affrc.go.jp
http://hako.space/

e Ecology, population ecology, and mathematical ecology
o Coexistence of asexual fish

o Fisheries management of the Japanese eel

e Model selection
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Self-Introduction

NRIFS, FRA / Ueda-City, Nagano

@ Freshwater biology division
@ Water from the River Chikuma

@ Large facility for experiments
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Self-Introduction

Staff and Students

e Two staff members and one grad (M2)

e Graduates: a master grad (TUMSAT), an undergraduate
(TUMSAT), a master grad (OUJ), an undergraduate (MUE)
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Laboratory experiments for undergraduates

@ Collection, observation and measurement of freshwater fish
(body size, ploidy, etc.)

@ a course for juniors (B3, two credits)

@ 5 days from around September to October
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Examination

BAEEE M. Examination

o HfF 45 R (RE—[E = -3; BX—[O = -1)
Attendance, 45 points (an absence = -3; a late = -1)

o ZHEREE - EEE 15 1
Attitude and intelligibility, 15 points

o LR—Nk 40 =
Report, 40 points
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Population, community and ecosystem

Population, {8{4%#f (in Ecology). %M (in genetics). &R

(in fisheries science)

$H5—EDEHEICT CRABEEDED

A group of conspecific organisms that occupy a more or less well
defined geographic region and exhibit reproductive continuity from
generation to generation; ecological and reproductive interactions
are more frequent among these individuals than with members of
other populations of the same species [Futuyma, 2013].




Introduction
0@00000

Population, community and ecosystem

EREEDIFDOMEE, Characteristics of populations

o EE, density

4, sex ratio

BHERY, age-class structure

o HASKR birth rate <= Population dynamics

o FET=XK, death rate

1500

1000

o B AZ immigration rate

500

o #HE, emigration rate =




Introduction
00®0000

Population, community and ecosystem

&, community

B B>—EDEHHEIC I OERA BEGKEDOES

A group of populations of plants and animals in a given place; used
in a broad sense to refer to ecological units of various sizes and
degrees of integration [Bush, 2003].

Imagine a fish community in Lake Suwa, an invertebrate
community in a water-filled bamboo hole, and so on.
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Population, community and ecosystem

BEE D DOME, Characteristics of communities

o LM, species diversity
o TE#, the number of species

o =, abundance
o MM A 1EF, species interaction
o %%, competition
o B, predation
o &4, parasitism
o 18!, mutualism

o B, food web (as an emergent property from species
interaction)

<= Population dynamics
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Population, community and ecosystem

Ecosystem, £RE%

HBHEL L UHEEIERAT 21BIRIE

A biotic community and its interaction with the abiotic
environment [Bush, 2003].

A holistic concept of the plants, the animals habitually associated
with them and all the physical and chemical components of the
immediate environment or habitat which together form a

recognizable self-contained entity. The concept is due to Tansley
(1935) [Begon et al., 2006].
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Population, community and ecosystem

A RER 7Ot X, Ecosystem processes

o —REE (JRIIRBEYIC K 2BHMERE), primary production

o ILRJLF¥—ERR, energy flow (the flow of energy through a
food chain)

o RFEMEIR, the carbon cycle

o SRETBIR, the nutrient cycle (nitrogen cycle)

<= Population dynamics
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Population, community and ecosystem

A nutrient cycle: ‘whale pump’

Zooplankton
(e.g., copepods) ==y Fish*
urea

| Feces,
migration, Zooplankton *
death (e.g., copepods)

Base of the euphotic zone

Biological pump Whale pump

Bottom fish

Benthic detritus T
Microbes

Roman J, McCarthy JJ (2010) PROS ONE
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Population dynamics

E{AEEZ#), population dynamics

BRSO Z E DR EIRY - ZZREIRYRZEA(L
The variations in time and space in the size and densities of
populations [Begon et al., 2006].

Fundamental three factors for the growth of population

@ birth = increase

@ death = decrease

@ immigration or emigration = increase or decrease

A

Characteristics of population dynamics (interests of this class)

o &, equilibrium
o TEM, stability
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Population dynamics

Example 1, Z7/R> 7+, the Japanese eel

R 4
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.
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Time-series are the sum of catches in Japan. Local freshwater
populations show different patterns of dynamics, as will be shown
later.

Year
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Population dynamics

Example 2, 7/t % - 74 - 04, the wakasagi, Japanese
crucian carp, and common carp

L

CPUE

/”MM L,

T T T T T
1920 1940 1960 1980 2000

500 1000 1500
L

0
L

“Tims
g . \
3 B = an| J\
De o “A/ \\M
g | M// /
19‘20 19‘40 19‘60 19‘80 20‘00

: M Time
Time-series of CPUE for wakasagi and crucian carp are closely
related, as will be shown later.
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Population dynamics

EEEEZENDJRE, causes of population dynamics

EARF PRI DFEIS (CED < WAV IR

Internal causes within the system (population or community).

Population fluctuations can be governed by intra- or interspecific
interactions.

o eg., FAHAZE). H1A X, periodic fluctuations, chaos (will be
explained later)

e SREFET /L, deterministic model

RISEE S ENNRIER

External causes outside the system such as environmental
fluctuations

0 eg., HUWRIZHENED, a cold winter decrease birds

|

o WX ETIL, stochastic model
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Population dynamics

Fluctuations of the snowshoe hare and Canadian lynx

Predator—Prey interactions can cause periodic fluctuations.

3
2 —— Hare (the shores of Hudson Bay)
-+~ Lynx (MacKenzie River)

Abundance (Hare x 1000, Lynx x 100)

AL
T

T T
1820 1840 1860 1880 1900 1920

Year

see Royama [1992] for the detail of the data set.
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Population dynamics

Cold winters caused decreases of Grey heron

No. of Nests in England and Wales
1000 2000 3000 4000 5000 6000

—— Severe winters
T T T T T
1930 1940 1950 1960 1970

Time

Stafford [1971]
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Population dynamics

The goal of population ecology

Population Dynamics

EHOFOEFKISKFE EBICELT S:

The number of individuals in population varies in time and space.

4

Mathematical Model

EYOEFEBDIBRE &S5 ZADHBETILEED. EBNY—>%
HEE - TRT S

Comprehend and predict the pattern of dynamics using
mathematical models.
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Population dynamics

Exercises

Exercise 1

Think about the variation among the members of population, and
other characteristics of population based on the variation.

Exercise 2

What is the biological species concept? What is the phylogenetic
species concept? Inquire the roles of population in these concepts.

Exercise 3

How do we measure species diversity? Inquire the Simpson's
diversity and the Shannon diversity index.

What is holism? What is emergence?
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Model organism

Model organism

@ a fixed birth rate for a time interval
@ a fixed death rate for a time interval

@ no migration

survive death

time interval Oi‘@<8
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Model organism

Let n; be the number of individuals at time ¢.

During the time interval between ¢ and ¢ + 1,

increase factor: birth rate b

The number of newborn individuals is bn; on average, where b is
birth rate.

965

decreasing factor: death rate d

The mean number of dead individuals is dn;, where d is death rate.

985,




The number of individuals at time ¢ + 1 is:

ne + bng — dny,
(1 +b— d)nt,
= (1 +7r)ng.

nt41
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Exponential growth

Exponential growth

Let ng be the number of individuals at time 0 (the initial

population size).
ny = (1 + T’)TL(),
ny = (1 +7r)n; = (14 7)ng,

nsg = (1 + T)TLQ = (1 + T)3n0,

ny= (1 + T)tn(),

where 7 is the Malthus coefficient (growth rate).
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Exponential growth

Exponential increase: r > 0,19 > 0

ne = (1+7)"ng
If 1+ > 1 and ng > 0, population will increase exponentially.
2500
2000
1500
1000

500 ¢
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Exponential growth

Exponential decrease: » < 0,ng > 0

ne = (1 +1)ng

If 1+r <1 and ng > 0, population will decrease exponentially,

30 40

t
but, will never reach to zero.
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Exponential growth

The population growth of the United States

An example of the exponential increase of population

250
|

200
|

50

1

Population in millions
100
|

50
L

o
T T T T T T T
1700 1750 1800 1850 1900 1950 2000

Year

Data from Jan Lahmeyer (2003)
http://www.populstat.info/Americas/usac.htm
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Exponential growth

Exercises

Exercise 1

Use R and plot the population data of the United States: read
data using read.csv(). plot data using plot().

Exercise 2

| A

Construct an estimator of the Malthus coefficient (growth rate), 7.
Estimate 7 for each time interval. Note that n.y; = (1 + r)'n,.

Exercise 3

Plot the relation between year and 7. Do the US growth data
satisfy the assumption of the exponential growth model?

A\
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Exponential growth

Decrease of the growth rate of the US population

An estimator of the growth rate: 7 = (ntﬂ'/nt)l/" -1

0.01 0.02 0.03
| | |

Growth rate, r

0.00
|

-0.01

T T T T T T
1750 1800 1850 1900 1950 2000
Year

Calculate the doubling time for a constant growth rate, 0.02. \
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Continuous and discrete models

Discrete vs Continuous Variables

&A% Discrete vs Continuous variables for population size

EAEEIEARISBEEEC D, EiR CALTES
Population size is discrete essentially, but can be approximated as
continuous variable.

B¥fE: Discrete vs Continuous variables for time

R EAEER LD, FEEDOHE - FTUI SHBBEEAOIESH &
WZebhsd

Time is essentially successive, but can be approximated as discrete
variable (e.g., to deal with seasonal birth or death events).
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Continuous and discrete models

Combination of discrete and continuous variables

BHEECEARL - EEREBTETI)L: Discrete size and continuous time

X

O— -
Mo 0

e.g., unseasonal species

BEBUEAZY - BEEUEREIET)L: Discrete size and discrete time

OO i A= i

P m : : ' e.g., seasonal species

Continuous population size and continuous time

= MR HER, differential equation model

Continuous population size and discrete time

= =N HER, difference equation model
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Continuous approximation

Continuous approximation

When the dynamical behavior of a discrete model is ‘continuous’,
the discrete model may be approximated as a continuous model.

.
8000 8000
4000 . 4000
2000 2000
.
.
. [ ]
6
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Continuous approximation

Continuous approximation

IS HMEEH—-ERZE, time: from discrete to continuous

variables
ERE: BB H > ERZEZH, size: from discrete to continuous
variables

Fn
600
500
400
300
200

100
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Continuous approximation

Let n(¢) be the number of individuals at time ¢.

Durlng the time interval between ¢ and ¢ + At,

increase factor: birth rate b

The number of newborn individuals is bn;At on average, where b is
birth rate per unit time (= 1).

decreasing factor: death rate d

The mean number of dead individuals is dn;At, where d is death
rate per unit time.
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Continuous approximation

Birth rate per individual

Birth rate increases linearly with the length of time interval.
Birth rate per individual

Slope b
SbAt ....................................................... :

szt .................................... :

BAL|-eeees ;

At 2At 3At
Time interval



Continuous approximation

The number of individuals at time ¢ + At is:

n(t + At)

n(t) + bAtn(t) — dAtn(t),

n(t) + (b — d)Atn(t),

n(t) + rAtn(t).
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BERBEDZE{LE An, Change of population size
; ; n(t + At)
/ ;In(t+At) ()
: ¥n(t)
t At t+At

n(t + At) = n(t) + rAtn(t).
By transposing n(t), we have
An = n(t + At) — n(t) = rAtn(t),
where An = n(t + At) — n(t) is the change of population size.

An =n(t+ At) —n(t) ZEELEE NS J




Continuous an iscrete

Differential approximation

RfEdp b DELE An/At,

Change of population size per change of time

L n(t + At)

iln(t + At) — n(t)
n(t)

. !

t At t+At
changeinn An
changeint At

By At — 0,

. An_dn (t)
Ao At dr s

rn(t),
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Differential approximation

WM AR, Differential equation

&00

500 dn
400 — = TN
200 dt

200

100




Differential approximation

Change Derivative

Af df
f (a + At)
Af
f(a) & : Ji(a)At
- a a+ At

At = 0= Af = df
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Solve a differential equation

Solve the continuous Malthus model

dn _
dt

where r = the Malthus coefficient, n > 0.

™,

Solve the equation by the technique of separation of variables

(BRI BER).
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Solve a differential equation

Solve the continuous Malthus model
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Solve a differential equation

Solve the continuous Malthus model

If n >0,

—:r/dt — logn=1rt+C,

n — rt+C O/ rt

n(t) = nge™, where n(t = 0) = ny.
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Solve a differential equation

Solution of the continuous Malthus model

The solution of the continuous Malthus model:
. rt
n(t) = npe

@ ng >0 & r > 0 = population increases exponentially,

@ ng > 0 & r < 0 = population decreases exponentially.
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Solve a differential equation

dn/dt =rn, ng>0& r >0

1500

1000 |

500 |
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Solve a differential equation

dn/dt =rn, ng>0& r <0
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Solve a differential equation

Exercises

The Fibonacci numbers are one of the population models with
discrete population size and discrete time:

F,=F, 1+ F, 2 FN=1, F, =1.

Solve the equation of the Fibonacci numbers. Is it an exponential
growth?
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Density dependence
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Malthus

NILY XIBTETIE. EFOEGKIFEHRICEA KT S
Malthus population goes to infinity.

UMD UIRKRIC I EFEE SEFIRICIEZHlT 5 2 &30 ’

However, no population increases without limit in reality.
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Malthus

Thomas Robert Malthus

Thomas Robert Malthus (1766-1834)
British economists, mathematician
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Experimental populations

Experimental population of flies

R.NX—ICKBDFAMOY3oyaIoNIEEST-EER
flc—FoNFFE AN, Y39V aoNITOBEFEETEHRNDS

Half-pint milk bottles at different stages in a population experiment. For further explanation see text

R. Pearl “The biology of population growth” (1929)
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Experimental populations

Growth of wild type Drosophila population in half-pint
bottles

FAOY3 VI3 INTOREEROZEY

25—
o ASYMPTOTE = 2120
o
rd
2
s
£ /
3 /
N 1
E i
B o e
° |
so}— | 1
25| ] ° i
0 12 M k6 /8 20 22 24 26 28 30 E g I' ”
APRIL MaY
Growth of wild 1)p¢ n }Mll p p uls l || If-pint bottles. The circles give the observed ce
n (xi).

is the graph of equatior

R. Pearl “The biology of population growth” (1929)
R CEE Y. SEECHENLES
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Experimental populations

Growth of a yeast (left) and a courgette (right) population

HDEY (1 —Z MERIH. Xy F——OHE) THRUL & SRIES
KESNS

oo
P
IS Cucwrbila  pepo
R § s s
N N
§ £
fo | 3 e
< ‘ K3
| £ L.
‘
- 1200,
“T [
T -
‘The growth of a p pulation of yeast cells. Dats [nm Carlson, el
represented as small circles. Smooth curve from equat l (iv). Growth of Cucurbita pepo. (Data from Robertson.)

R. Pearl “The biology of population growth” (1929)
S FRIORKHIR. OJRT v (Logistic) FafR
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Density dependence model

ZEZR, Density dependence

Density dependence

o BARDEENELRDITETHLBMTERIBD
o JETFMUEM, HAEFRHIFD U TERDIEMELOLITICRS |

Causes of density dependence
o BHPLRDLIEN IR EDERDARE
o RIEDE

N
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Density dependence model

EiRETEEMRDA > ETIL, a continuous time
model with density dependence

n(n)

If r(n) =r(1 —n/K),

v
3

KN

where r = intrinsic growth rate and K = carrying capacity.
Continuous-time logistic model.
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Density dependence model

Solution of the continuous-time logistic model

dn n
- _ > ().
rn(l K),r>o,K>0,n_0

Solve the equation by the technique of separation of variables.
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Density dependence model

Solution of the continuous-time logistic model

n
PR - > 0.
g7 rn(l K),T>O,K>O,n_0
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Density dependence model

Solution of the continuous-time logistic model

Ifn#0&n#K,

1 1
/(n_’_K—n)dn:T/dt’

log, [n| —log, |K —n|=rt+ C,

n
loge m :Tt+C7
n
::t rt+C
K-—-n ¢ ’
K
"= TG

where C" = K/ng — 1 from n(0) = ng at time ¢t = 0.
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Density dependence model

Property of the solution of the continuous-time logistic
model

(t) = K for n>0
T T (K g — et e

If r >0,

t—oo=e " =0,
K

I — K
500 1+ (K /ng — 1)e—"t

n converges to K as time goes to infinity.



Density dependence
0000008000

Density dependence model

Continuous-time logistic model

n > 0 converges to K as time goes to infinity.

N
140
120 k
R[0]0] S K
80}

eop r=1.0

4of K=100

20

0 5 1.0 1.5 2I0 2.5 3.0 t

ng = 0 indicates there is no living individuals.



Density dependence model

Density dependence
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Continuous-time logistic model

BINE r AREVWELDELS K IZRT B

n 1o,
100[
8of
6o
a0l

20+

r=1.0

r=0.5
r=0.3

30

K=100
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Density dependence model

Continuous-time logistic model

o VY TEBDODBEEANDYTEENNARVWDOTLLLELNT
w3

o BAHABVWEEMROBMIE., tcbERITEXZIENTES
o FIZIX. &b th\ﬁ—mqyﬁ%w)

e a=1TOYRATavIRICHS
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Density dependence model

Logistic model: BB T /L &EFERFEETILDEL

L %Eﬁ&ﬂ%'aﬁﬁ N1 = Ny + Tt (1 — %), SF@]'-#_;‘.\ Nt41 =N = n*

o EFAE ‘2—? =rn(1-4%), FER dn*/dt =0

EHEEETOOYRT v I7EFILTIK
BEEBOIREIP A R TR 5HN
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Qualitative analysis

WM TN D E BT

WP AERZEIEL THREERE n OEMENBEEZRANRS I EN
TZE3
dn n
a=m(-%)
dn (3 n OELEE dN

dt

dn 0 72 SEEEIEIEM

dt

dn < 0 73 SEEE IR

dt

v — 0 RS EEBIFEILL

dt =
AN AN )




WAHBRINDEERT

Qualitative analysis

FERZEXRDD

a0 g SEEMIEEL LB - TR

n* ZFEIRRROEFE ST 5

dn* . n*
0 =1rn <1—E)—O

CORK D FEREDOEFE n* Z2KDH &L
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Qualitative analysis

TR o

n = K, RETER | .
r>0MhmDny>0THNIE Bx3 TR

K [TYXR O~% w_» 'iiN
=0, REEFESR | ] -
r>0THNE n=0TR

ETHIfETEM
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Qualitative analysis

W (Z0) AERZEEEN T ICETILOUMEZRANSFEE

TEVERVERAT & IR
4 dN N\
at
dN N ///;;:\\fﬁﬁ N
—=r(1__)N - i
dt K — &1
N =K REF&ESR -

N =0 ReeEss

.

REBITHICKRO SNBWETFTILTREICZDFENEDND




WAHBRINDEERT

o RREIZEIL U\ RIEFE =

o FEIRDBERZEEBTREN S EMERNRAZ
ROEEN DB

o NFERZMEL ZENTENILEENZRDOEFE
FEEL DD B
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Qualitative analysis

Exercises

BEETEBENLODHIRESNELSBEBEIRLHD. 7R
EWVWS, PU—MRDRA : AXEXZADHEWND R RBRDZIHE
PHALTUDNMEZESNBWTIL—TRE, GEELEBREDTMS
TN S N B EFEOBAAERETILZD< N
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Z—?:rn(n—a) (1—%),

O<a< K

MzeEWTHFEROERERERTZE X
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Qualitative analysis

140
120
K 100
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40
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Figure A2. 1 - State of world stocks in 2004
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Model aggregation

Model aggregation

ERFNERY R T LOEE{E

BYVRLANIVDOF TV T—2 3 U PEMIERET DI EIF. &R
PRI AT LT d 3 L CEELRMEE

Determining appropriate levels of aggregation or complexity

constitutes a major problem in describing ecological systems (lwasa
1987, 1989).

v

EFIEBIREETIL - 7OV =Y 3 VIEEEICEb>oTWS

Model selection is closely related to model aggregation.
FTROLHICEDEEEMBRETILZAVWSI ZHIKTT 5ETILE
RiF. BROETIHOBRICELZETIL - 7/ T—yave
BEICED>TWS
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Model aggregation

Perfect aggregation of deterministic nonlinear dynamics

Full dynamics (microdynamics)

dxz; )
dtl :fi(xl,...,xn) z:l,...,n. (]_)1
A reduced set of variables
yj =gj(x1,...,xy) j=1,...,m, m<n. (2)

A\

Aggregated dynamics (macrodynamics)

dy;

g =Fi(yi,.-»ym) j=1,...,m. (3)

v

If the macrovariables behave identically both in the full system and
in the aggregation, we say that ‘perfect aggregation’ is realized by
the aggregation scheme (lwasa 1987).
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Examples of perfect aggregation

Example 1: Exponential growth

microdynamics

da;l

i axy + bxra,
d
% = cxo + dxq.

If and only if a +d =b+c,

macrodynamics

— =71y, wherey=x1+x0 &r=a+d.
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Examples of perfect aggregation

Example 2: Stage structure

microdynamics

dzy -
== Zmle — (u1 + vz1)T1 — G121,
=2

i=2,...,n—1,

dl‘i
dt = 0i—1%Ti—1 — Ui%; — GiT;.
dz,

= 0gn—1Tn—1 — UpTn.

dt
Reduced variables

y1 = bizy,
yo = boxo + - - - + bpxy,.

N
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Examples of perfect aggregation

Example 2: Stage structure

If and only if,

m;/b; = constant, ¢ =2,...n,
(bit1/bi — 1)gi — u; = —un,

then

macrodynamics

d
% = (bimy/bp)y2 — (u1 + (v/b1)y1)y1 — 191,

dys
—= = (b b — UpY2.
dt ( 291/ 1)341 UnY2
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Examples of perfect aggregation

Example 3: Migration between local populations

microdynamics

L~ en) + Dz — o),
% = fa(x2) + D(z1 — 22).

If and only if fi(z1) = rz1 + b1 and fa(x) = rag + by

macrodynamics

d
dit/ =ry+ (b1 +b2), wherey =z + x2.
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Approximate aggregation

Approximate aggregation

YTV T—2 3>

TETFITIUT =3 N TERNEETH. microdynamics &
macrodynamics DEENDIEE & HDEOEREE U TEHHL T &0
macrodynamics ZZ& X TV 2 ENTE S (Iwasa 1989).

| \

Best aggregated system

The best aggregated system greatly depends on the choice of
criterion, especially with regard to the selection of the time horizon
and of the weighting for the initial state (lwasa 1989).

N
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Ecological Modelling

FRPICKEITHERETE

Bl Z (X
° ﬁ#%%lﬁébu, Food web dynamics
o {E{AEEENRE, Population dynamics

|

| - 1920 1940 1960 1980 2000
Pyhtoplankton W /
yntop addls = |
M|nnow
tonefl
T T T
1920 1940 1960 1980 2000

A FIVXZETIVELT S
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Probability Models

BREET) (BEEBONT) &7

o BN S AHD SHEE

o THERESERERETIANZZ A
o "EDNH=REX=BR" FHICFEIT S

o EXETILIIEN THENEZBEADRKIR

0.20 -

030

0.15

0.10 -

005
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Aims of the model

ETFTILOEK

SEFERVARZE, Empirical study
o RTE
o REiZREE L REE
o BRDIEEZIEM®

o EFIDREDHLEZ
Exl)

I3 %38, Forecast
o HEE & HNE
o T—HIMSEREDFH
o FHIBENBMTHD,
FHETILOIRE IZMEREIC
L7z Ly




FU®IC
°

Prediction accuracy

TRREZRDZED

BEOHERAHDLVWEENFAREZRA LEES
HERE

ETILDEMS UNSX=5%) DRDT B BT A IH
BTN, BERIESNZEANH S

Overfitting

PIRWT—FTELITEDINTA—FYZHET 5 Z &% Overfitting &
WS, ESNDETINIRRET IS EICKRELERD, FAMKE
FFEIMICIFET I %,

| A\
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Model selection

E7ILER

T=IOY YT A XFRENTNWS
BHS - BEDEBLIBBOBRET I ZAE

o

2]

Q@ FIATE3T—YIczhZhETd®H 3

QO BEOHERNHOBEERENLVWETILZRR
o

BALRINETFTILZFHICEAWS
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Model complexity

ETILDOEMS

I3 > Operating model > IERETIL

o WEICKRELIEWVFEMHLETIL
o T—HEEZDIHDETIL

SELETIL
0 INTA—=FHDPIZWVWETIL
o T—HILHTIFHBETIL

\
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Model, parameter and estimator

TFI)I, INTA—F, HTF=

o MERZH: X Bl
— —(z— 2
o EFIL: fo(x) fuo2(x) = \/2;02 exp (202“)
0o /I\TA—=%5:0 0= (u,o0?)
o T—H:x T = ($1>$27 73371)/
o HTEE: O(2) =13 a,02=15(2; - p)?
i=1 i=1



Estimator

EEEDHE

= 1w 0= iy S )

(2

o TiRHES: E[f] =0

3\*—‘

o RRNMRIETEE: NMREEEDH TR/I\DDEZRFD

= 13 (i — fi)?

=1

o —BUtES: E[0,) — 0 asn — oo

3\'—'
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. Maximum likelihood estimator @

%t?&ﬁ% jtg%ﬁ-ij(h__g—% 0= (91,92, . ,Qp), @ﬂE

0 = arg max L(6; x)
0



RALBEEDEE

o XY UHNMRHEEE TIZAL
ZERED — RN ERIREZ B IIHBA,

o —HIHEETHD

o HHAMICIERDTICHES

o BRENTDOAMENTING 7 + v ¥ v —EHITFI DRFTI:
0 ~N(0,7(6)")



ﬁj‘?ﬁtﬁj\?‘ﬁd)@“h R—E

BEZH X DEOHHE f(v) T3

— f(x)




ﬁj‘?ﬁtﬁj\?‘ﬁd)@“h R—E

SEBETFILONE g(z) ET 3

— f(0)
— g
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Discrepancy

DEEATRDTN | T

D f(z) EDFE g(z) DHWEICTN — ASHDNEBTEEL

— f(0)
— g




-6 -4 =2 0 2 Y] s

f(z):BEDD% (Operating model), gg(x): EETIL



A)= 0.026302

— f) 0.025
g g 0020
'}é,:.[ 0015
& o010
0005
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7 — 6% AG)
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The discrepancy due to approximation

SEBUT & B R—B A(6))

ELELETIV go(z) DIEDTRANETILEE R B,

0) = arg min A(0)
0

REDEBETIV go,(v) EEDD f(2) EOR—EA(Oy) = "iE
BUC LB R—BU EMER,
FPUS & BTR—BLA(G)) 1E. go(z) DEABEICOMMKEFEL, T—F
ICIRTF LR WEHRTH %,
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Example: Histogram

EX KT S5 LETIL (Linhart and Zucchini, 1986) D4l

BEBRK f(z) EERANT T L goW)(z) TELT BRE
1 ﬁJ\EUbrC EX I‘ﬁ%b\o)%é 0= (91, 92, .. ,91)/
AB) = [(f(z) — g5 (2))?d

HON f(z) 2BAET D ATV 9T SERNE
(n=52049)

3000

2500 - f(QE)

2000
£ 1500
1000

500

0
0 100 200 300 400 500 600 700 800
#HER (mm)



=
[e] Jlele}

Example: Histogram

LIS & B R—E

5 HOH f(2)
# BEODEMETIL go, ()
I1=10 1 =280
0 T T T T T T T 1 0 A\\‘W N S e L | T T T
0 100 200 300 400 500 600 700 800 O 100 200 300 400 500 600 700 800
&K (mm) &K (mm)

BHLELETIVIEE TIEER D ATEL
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Example: Histogram

EEICKDAR—E n=100

& REOEMETIL go, ) ()
7R HBT—Y n=100 hSEESNIGERETIL g, (2)

I =10 1=80

0 4’:‘:{: T T T 10 LB f T T 1
0 100 200 300 400 500 600 700 800 O 100 200 300 400 500 600 700 800

BHENETILIEETEFRONEN
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Example: Histogram

B BORE f(x)
o BHBT—F n =100 b SEESNIGAMETIL gD (2)

I=10 I =280

H

0 1 0
0 100 200 300 400 500 600 700 800 O 100 200 300 400 500 600 700 800
R (mm) &K (mm)

DRE U TERDELETILIFY TIEE D HAELN
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An empirical discrepancy

B —2

o A(0) D—BUEEEZEBRTA—HA,(0) EMER
o BRINF—HHEE: A,(0) ZR/INCT S 9 OfE

A~

0 = argmin A, (0)
0

o F, ZREBENMEAMEITNIE. A,(0) = A0, F,) IF—DDIRER
N—E



Discrepancy: Summary

N - R ))

o EDEFILF EEBETIL Gg DHTIEEDDES
o BMICISU THEL BR—HEIH A(Gy, F) NEZS5ND
o I\ YT A X TIFEMABRETILDOAR—EHVNE LWMEE

(2RD) A— = FEPUC L BF7— + #HFEIC K B2FA—HK
A(Gg, F) = A(Ge,, F) +  A(Gy,Gay)

R L B2




criteria

$H*#E  criterion

o HONTNKRMTHZN S, BEER—BAD) = A(Gy, F)
ERETERN

o UM U. RF—HOMZHE ErAQ) T — I N SHETES
o FHTRTUNSBA—BERT EFILEFUBELNEL
o IFR—HOWMFEEBEETILEROREL TS

o HEILL>T. EDONWENKRAMDXXFARBEDSWVDALIE
TINEBRZENTED
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Example: Histogram

Bl EANT S LETIVORE

EF[A(é)] = Ep[[(f(z) — g5 (2))*da]

where §; = %l . (X i ICADT—5 OEH. [ 352K, LI
Aﬁ@f.o

Z DS BT I D MRTET B I .

Erlf(=2f(2)gs " () + g9 (x)")dx]

THD. ZOBLPFA—REES, ZOTEREE (%) &

st ()
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Example: Histogram

Bl EANT S LETILOETILZER. n =100

-0.0015

HLHE o002

-0.0025 I\,\N\/\/\/\/W\MN
o AN\A

VIOV RS B0 40 5 60 70

NIR—=FH, T
Best Model: I =10 Overfitting: I = 80

3 -
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Criterion: Summary

FREE-F &6

o HMET—H ErA(f) OREBNEFILEROBE

o IR A—HIIERTH D, EVETILEY Y TILY A X TRE
=ns

o Bl5, H3YYTILYA XKL T, EHOEYUETILOBH
SRR BRI E B DELEFINFETS 3

o ETIILERIE. ZOHMHEA—BR/NEBDIELETIVEHET
SMETH D

0 CZTHETIERIZ. EOEFTIEEILDTIEHRWL, &
PEFILOEE - A HZXLEZEFLELELTDIHDTHRWN
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Approximate criterion

UTBUAR #E

~

o —MRICEZLDIFBET. BIFHA—H ErA() PZDHEETH
DHERFEMITETCEL LN TERN

o ZIT. MAEMmICE D WAL BHRENE Z SN (eg,
Akaike, 1973, 1974; T, 1976; Linhart and Zucchini, 1986)

o BV TIHYAIDB+RICKEL, EODH SELDHH+7IC
EWEWSREDS & T, RERFEBHOHELZX RS

@ AIC(A Information Criterion; Akaike, 1973, 1974) (&, ZD &K
SIHEBHRED VO EDTH D

BUF. 1A (1976) (1238 > T Kullback-Leibler R—3UC & D W\ fo bl
REEEZ D
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Kullback-Leibler discrepancy

Kullback-Leibler ~—2%%

LELOHFHEZ & >R —BZEZS

A(8) = By [log 2| = [ f(a
f(z) ORHORDLTOT AL DBASNZBER>T NS
—
— &)

A(0) DS BRPETIZELEZ Kullback-Leibler F—E & IER :
Agr(0) = —Er[logge(x)] = — [ f(x)log go(x)dx
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Empirical Kullback-Leibler discrepancy

Kullback-Leibler M #RERA—3

Ak (0) (FHERZH X M f(2) ICHES & Z D log go(x) DHEAFET
HHNS, HODHHRANTHEY Y TILhSZFDO—HKETE, T4
DERBA—RZHETES .

An( ) A GO: = _*Zloggﬂ xz

BIAR—BHER 0 13 A, (0) DRAMETESNBH. L(0;z) A5
BEETHZINS, BAMTEETHD
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Asymptotic distribution of 6

0 OEHED TR

SO o g=0% 6 DEDTFA 5—EHL. 2 ROEXTLE B

96
BENS. 0 DFENTNEEBIERDHICHS L ZHETES !

A~

V(0 — 60) ~ N(0,J(60) " 1(60)J(80) ")

112 Us 0o EEBUC K B2R—BA0)) EEXZEKTH S, J(0)
L 1(0) id. RO &S BHAFTI CESESND

2
10) = ~Er [ s o2 90(o)|
116) = Br | 55 108.90(2) 53 lowgo(z)

go(x) = f(x) THNIX. J(0g) =1(6p) EED. X D f(x) ITRED
BEDORALHEEEDIENHIC—HT S
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Expansion of the expected KL discrepancy

Kullback-Leibler ~—E D ERH

AB) % 6y DEDLDTERUL. 2RODEXTES !
A 1 - , A
A(0) ~ A(6o) + 5(9 —60)'J(60)(0 — 6o) (1)
—H. M = A0y) — A, (0) BNTBESIC A(Oy) £ZET S -

A(B0) ~ An(0) + 36— 80 T(O0)(0 —60) + M (2)

fE>T 2 (1), (2) H5.

A(B) ~ An(8) + (6 — 60 (80)(0 — 0p) + M (3)
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Criterion of the KL discrepancy

Kullback-Leibler #3%£

LICKROHER 0 DIHESBELNEITI L D,
Er(6 — 60)'7(80)(6 — 00) ~ %trace 7(80)""1(60)

Xfces EpM =0 TH 5,
Zns &R (3) & D Kullback-Leibler R —EDHARHE .

EFA(é) ~ EFAn(é) + % trace J(eo)flf(oo)
KL#R%E (EFER—BOHEESE) F.

C = An(é) + %trace J(é)*lf(é) (4)
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A Information Criterion

AIC

= (4) T. J(0) = I(0) THNIZ.

trace J(0)'1(0) = p

ZoEE R (4) Oz 2n fEI B & AICIC—HT S !

AIC = —2L(8; x) + 2p
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Approximate criterion: Summary

IPREE R & O

o FHEBRELZEBFTBRVWETILTELCAWSZENTES

o EDAHEEBAHHENE E. trace J(0) 1 I(0) = p h& L
FBLE 2B

° 5&1@{%7“)[/73“%$ﬁ?‘,—§<0)%7—‘“)[/%ﬁ'ﬁ T&Z.%)i’a— &, aElc &
BR—HHANE VDT, trace J(0) 11(0) = p & T BEMAE
WETHBAEEDLH D

o BWIT/NTX—5H (M) HYlmIC/INS WEEIE
trace J(0)711(0) = p DELUITEL B ZEANH S
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BFEEDBRET A

BMLBETILIEFRICEL TWBHH?

o Fip - ZREBED H B EREEDMEFKDOFRHZITS
o THHVINTA—=FICHUT, EOREDEHS DHEMUET
IWEFRICAWSREN?
U EFEZOICEZ S
EVFALNOEZRAWVWT, FRADLHOETILZREIRT S
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U F ¥l

VFFDEFRE AT EREE

o RMDAALIcVFF

Mk B (FHFDEINS X T
L TEDD
o FUEE TICIE 5-10 F
ANVANES)
o MERITBMICHE > T
HEDHEE I (AR RE (C 3 BX
B2 o RYIY7EHTHE—D
(ElEN S




VFERER (ST

'7%#/“\\5x FELURDLTWVWS

3
£ 5
S
. 2
2 B ZEE
:
5

EREEE

£ 2 o &JR[|
=
O

o1 ‘ ‘ ‘ : ‘ o T—IhSEMKEKE

1960 1970 1980 1990 2000 2010

Year ‘LOL\THE_ @%I/\J%
Lz (EFILEEIR)

o MEBNNIE, FAME
£ ENBHBON? (5
% OBE )

T T T T T T
1960 1970 1980 1990 2000 2010

Year



HIF T & DV FFREBDERT

BHD U FTRESE

¥ 7 it

Rl e

800

RESTZAES
— KPP
FIAHEPE X
— WX
— ATHHX
W FigIX

600
I

[BERGIZIES AL

{pf’ g

X

KRPERX KRR

M\N/“

T T T T T T
1960 1970 1980 1990 2000 2010
i

EROEFMEDIHRADNALD L HHOBSEHOBE |




ARL—=FT 4 Y TETI

Fhy & ERBEZZERUICHERET )L, Operating Model

Xity1 = i Zy—s + Bi X + Xis€ig,

Zt = ZXZ"t’ €it Ll\q N(O, 0_22)
1=1

Xip > 0: /0y F i ORIt OfE

=2 a;: INYF 1 DEERE, o; >0

7, > 0: B% t DREEER Bis /N F i DETRE, i >0

X, = 0 (RN EE o2 I F i DRBEEEDNE
i 5 BUSAE TORSR

6 9 N(0,02): BELEH
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SERETIV

FhrzxEZEUHEERTETIL, Approximate Model 1

Ziv1 = Qly_s + BLy + Zyny,
e ~ N(07 72)

Zy > 0: BFZ t OFEFRE a: HERE, a >0
Z, = 0 (FIRINEE B: EBE B> 0

S N(0,42): BB v BIREE DL
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SERETIV

NIV RXETIL, Approximate Model 2

Zi1 = BZy+ Zymy,
e ~ N(O7 72)

Zy > 0: BFZ) t DFSEAEEL
Z, = 0 (ZRUNEE B: BH0%, 5> 0

. 2. Jmizz R 4,
" iid N(0,42): BEZH v RIBZEEDEL
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Distribution of Z;

WMERE Z, DREN =2

OM, Arrpox1, Approx2 @ 3 DDETILICDWT,
WERE Z, OFRENZEDTH f, 91, 92 BERDICHES J

OM: f(Zig1 | Xijtmsr Xojt—ss oy Ximt—ss X1,t, X2ty ooy Ximnyt) ~
N (SPy @i+ S0 (BiXa) X0 (02X2,))

Approxl: g1 (Zyst | Zi—s, Zt) ~ N (ozZt_s + BZt,’yQZtQ)

Approx2: g2 (Zyyt | Zy) ~ N (ﬁZt,’Y2Zt2)



Maximum likelihood estimator

RALHEE

OM, Arrpoxl, Approx2 D 3 DDETFILICDOWT, REHEE % f#
MMICELS 2 &N TE S, T2 OM D MLE DAHRY

Qi:{t’8+1StSTL—FS—l,tEN,X@t>O,Xi’t+1>O},

-5 1 X; Zy 2
2 _ 4,41 _Pt=s
GZ n — 2ui -1 tEZQ < Xi,t i Xz',t BZ> ’

Bﬁ _ 1 Z (Xz‘,t+1 N Ly
P — — Oy )
n—2u; —1 X; X;
7 teq; 2, 2,0
Z Xig+1Zt—s 1 Xijt41 Zi—s
teQ; Xt n72ui71 teQ; Xt teQ; X, ¢

2
> + a1 (Dens 22
teQ; X2 n72ui71 teQ; Xit

IEU w [EA—NIUIERE. 7 HIBDIBE, 27 /T A -5 —
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Maximum likelihood estimator

VFEREEBICHT ARAMEEE I ALYy

OMZRELT. 7VFFT—IDNSNIA—FDRALHEE L, ﬂDJ

ADDL L, EERENRFGWHEE R >TWS

o = {0.0184,0.00134, 0.0125, 0.00498, 0.139, 0.0254, 0.000826},
B = {0.858,0.801, 0.883,0.825,0.303, 0.698, 0.954},
o = {0.0190,0.160, 0.0546,0.0291, 0.039, 0.0700, 0.0620}.

DHY

/El
?



Model selection

FTVTFAILOEICEL B ETILER

o Fiin - EEBEETILZEDETIL (Operating Model) &9 3%
o MEARKET I ZHELUETILET S (1: Fip. 2:¥ILTR)

o ENR¥E5ZXT. OMMSEYTHIAT -9 ZLHELE

o ZTNZNDETIZREL T, BHERLHEE

o HDAMEHENH DT % Kullback-Leibler F—Fh 5 5 E

o Kullback-Leibler F—Z D EAFFED/ NS WE T )L Z 23




Kullback-Leibler discrepancy

Kullback-Leibler discrepancy: ED 73 &AM FH DT 1

SEORRINETILICH U TIE

n—+s—1

Ag-L f799 Z / P | 2ot [ (21 | 2e—s, Xe)d2i 11
t—s11 99 Zt+1 \ Zt— s;Zt)




Kullback-Leibler discrepancy

Kullback-Leibler discrepancy: f & g; DNERD T DIHE

—

f(:(}) ~ N(m, UQ)a gg(.%') ~ N(T/fl, 2)

2l f BEDD. g; $HEEREERAUENS 6

1 5 22 ~ 2 2 1
/log f(x)f(x)dx:2log;+nz\—@+nz\+U/\—

95() 202 o2 202 202 2

ZDFE. KLA—HEHRICHETE 5, SRIDERIIETILIE
ERDHTH B,



VFFORBEDOT—Y DIBE

KLA—EDRH: UV FFOERBEDOT—5 DiFE

53 ERDYF #F— I H SHELLBENHE LT, 3DDEFI
D KL R—BOHF% E> 7 AL DETHE L e

0.20¢ Approxl|
0.15 |
g Approxl|
Z 010
g
s OM
OVOS? 4‘7}:’»
0.00k= jﬂﬂfﬂ ‘
-10 -0.5 0.0 05 1.0 1.5

Log(Ak-1)

KL A —3DEIFHED K ZE & (& OM > Approxl > Approx2 DJET,
Operating Model ZFEW=FRINEHENT WS,



VFFORBEDOT—Y DIBE

KLA—DEFHEE T—FYDEDER : a <<

o T—HHEDEZNEE, OM D KL RA—HOERFEIRH/NE <
AN

o T—IHMDIEWNEE (16 FLUT). Approx2 Ak LY

o Approxl (. T—FHNMNE->TH OM DO FHBEN LS KRS
Z EEmWN (DEDFED a VNS WIEEDEE)

121
10 |\
\\ \
= \ Approx2
x o f \
< \ ~__ Approxl|
m - —
"
2 S OM
ok ‘ ‘ ‘ ‘
0 10 20 30 40

The amount of data



SESRE, a BHEBHK

KLA—BOHFEE T— 5 DEDER : a HELERIKX

o a NEBHKREL (aXDORLD 5ET. BIF1/5). LESIE
DiZAE. Approx2 (WILTXETIL) @%tﬁﬂﬂ%}#i)‘\%<@6
e OM & Approxl DFRIBEIFIELED, T—INDaNEEH
T Approx1 A& L

Approx2 -

E[Ak-.]
S

10p u Approxl

0 30 20
The amount of data



EHDKE S DFHE

KL RN—EDHAFRHE & IR B D BB R

o RIBZEIHINZ WHE. Approx2 TOFRIBEN L KB

0.00 0.05 0.10 0.15
The amount of environmental variance



EFEFOBRETE: XEH
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