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1 Backward calculation

Number alive number alive catch natural
atbeginning | = | atbeginning | — | this | — | mortality (1)

of nextyear of thisyear year thisyear

Number alive number alive catch natural
atbeginning | = | atbeginning | + | this | + | mortality (2)

of thisyear ofnextyear year thisyear
Ni = f(Ni+1, Ci, D) (3)

For a single cohort of fish (all fish hatched at the same time), if we know
the catch of each year Ci(i =1,2,...,t— 1), the natural mortality D; and the
number of oldest fish N¢, we can calculate the number of fish each year Nj,
starting from the oldest ages and moving backward to the youngest.

2 Discrete Fisheries

Ni = Niy1+Ci + Dy (4)

Di:Ni“ —S) (5)
Ny i

N; = +1+C (6)
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3 Continuous-time fishing and natural mortality

3.1 Cohort dynamics

Let N be the population of a cohort of fish at time t. The rate of population
decrease is expressed as follows:

dN
=~ =_7N
- : 7)

where Z is the instantaneous coefficient of total mortality. The solution of Eq.(7)
is
N¢ = No exp{—Zt}, (8)

or
N¢ = Njexp{—Z(t—1)}. (9)

Here we assume the mortality is decomposed into fishing mortality and nat-
ural mortality:

Z=F+M, (10)

where F is the instantaneous coefficient of fishing mortality, and M is that of
natural mortality. Both factors are independent.

3.2 Catch dynamics
Let h be the cumulative catch at time t. The dynamics of h is given by

an
at
The solution of Eq.(11) is given as follows:

FN. (11)

hi1 i+1
J dh:J' FNdt,

hy i
i+1
hi+1 — hi = FJ Ni exp {—Z(t — ‘L)} dt,

1

N 2 fexp (—Z(t — 1,

Z
=N (exp(-2) - 1)
Ci=hir —hi = —— Nu(1 — exp{—2Z}) (12)
i = Nip 1*F+M i €xp )

where Cj is yearly catch; catch from time i to i1+ 1.



3.3 Gulland’s Virtual Population Analysis

The VPA model is based on following two formulae:
Nit1 = Nyexp{—(Fi + M)}, (13)

Fi(l —exp{—(Fi + M)})

Ci = Ny .
T Fi+M

In this case, we can not calculate the explicit function Ny = f(Ni;1,Ci, M)

from Eqgs.(13, 14), so we have to find N; numerically.
Note that we have a solution for F from Eq.(13),

(14)

Niy1

i

F, =—log

—M. (15)

4 Pope’s approximation

Pope’s approximation for the VPA model assumes instantaneous midyear fishery
(Fig. 1).
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Figure 1: Instantaneous midyear fishery

Figure 1 indicates that the population size at time i+ 0.5 multiplied by the
survival rate equals the population size at time 1+ 1:

Niit = (Niexp{—]\z/l}—ci> eXp{—]\z/l}. (16)

Thus, N; = f(Niy1,Ci, M) can be expressed as follows:

M
Ni—NiHexpM—&—Ciexp{z}. (17)



5 Example: The Pacific stock of walleye pollock
5.1 Model

Here we consider multiple cohorts. Let Ng ; be the number of fish at age a and
year i.

Nat1,i+1 = Ng,iexp{—(Fa,i + Ma)}, (18)
Mq
Na,i = Nay1,ir1expMq + Cqiexp = [ (19)
1
Fa,l = E(Fa,lf‘% + Fa,lfz + Fa,lf1 )) (20)
Fri = Feoasi, (21)
Fa 1+ Ma 1

Ngi1=— Ca 22
S TR S T e (Fan ¢ M) (22)

Feri+M
Ni,i = kaJmia (23)

Kt ,i

where a is age (a =0,1,2,...,k—1,k). kis the last age of a year-class (k = 8).
k4 indicates the plus group which includes older ages k,k+1,k+2,.... iis year
(1 =1981,1982,...,1998). The latest year 1 is 1998. Appendix A shows the
derivation of Eq.(23).

5.2 Procedure

o Assume arbitrary Fyi 1 (e.g., Fuyi=1)

Frei+Miy

e Calculate Ny = I

Crin

e Calculate Nyx_1,1-1,Nyx_21-2,... using Eq.(19)

e Calculate Fx_1,1-1,Fk—2,1—2,... using Fq ; = —log NC‘TJFL‘]% — Mg
e Calculate Fy 11 using Fi 11 = Fr—1,11

e Calculate Ny—1,1—2,Nx_21-3,... and Fx_11-2,Fk—2,1-3,...

e Calculate all N and F to backward likewise

e Calculate F_1 = 3(Fx—1,1-1 + Frm1,12 + Frm1,1-3)

Fx 11+Mg ilfg 1
Fr—1,1 k=11 T —exp{—(Fr—1,.+Mx_1)})

e Calculate Ny_1,; =
e Calculate all N and F to backward likewise

e Lastly calculate Fy 1 to be Fy 1 = Fx_11 using excel solver



6 Appendix A

Let Ny ¢ be the number of fish of the plus group k+ at time t. N . and
Cy+,t are expressed as:

Ny er1 = N1 e exp{—(Zx—1)}HNi ¢ exp{—(Zi ) HNip1,¢ exp{—(Zxy1) .0y

Cxryt41 = Ciyt + Crpr,t + Crgae + o0 (25)
Using Eqgs.(13,14), we have

CiZ;
Ne= S5 NG (26)
1

thus,

CiZ;
N;i = ; =+ Niyg
i
_ Gizi n Cir1Ziga
Fi Fitq
_ CiZy n Cit1Zi1 n Cit2Zis2
Fi Fiyq Fii2

+ Nij2

+ Niy3

Note that limyg_,o, Nitx = 0. Therefore, if we assume that F; =Fi11 = ... =
Fi+, the number of fish of age 1 is expressed as:

Z:
Ni = (Ci + Cipr +...) Ff*
i+
_ YA
= Cir Fiy



