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Population, community and ecosystem

Population, EABE (83, £ (BES). BE (KED)

HB—EDHRHEIC I O RABEERDED

A group of conspecific organisms that occupy a more or less well
defined geographic region and exhibit reproductive continuity from
generation to generation; ecological and reproductive interactions
are more frequent among these individuals than with members of
other populations of the same species [Futuyma, 2013].

...............................................

...............................................
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Population, community and ecosystem

EAEEDIFDMEE, Characteristics of populations

o ZE, density

4 H, sex ratio

BAHE AL, age-class structure
o HA birth rate

e LTI, death rate

o B A, immigration rate

o BHE emigration rate

<= Population dynamics
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Population, community and ecosystem

FEEE, community

B B>—TEDEHHEIC I OERA BEGKEFEDOES

A group of populations of plants and animals in a given place; used
in a broad sense to refer to ecological units of various sizes and
degrees of integration [Bush, 2003].

Imagine a fish community in Lake Suwa, an invertebrate community
in a water-filled bamboo hole, and so on.

...............................................
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Population, community and ecosystem

BE DR DME, Characteristics of communities

o LM, species diversity
o TE#, the number of species
e =, abundance
o TEMMEER, species interaction
o #%, competition
o R, predation
o &4, parasitism

o H8F, mutualism

o B, food web (as an emergent property from species
interaction)
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Population, community and ecosystem

Ecosystem, 4 REXR

HBJDHEL L OEAIERYT 2 1EIRIE

A biotic community and its interaction with the abiotic
environment [Bush, 2003].

A holistic concept of the plants, the animals habitually associated
with them and all the physical and chemical components of the
immediate environment or habitat which together form a

recognizable self-contained entity. The concept is due to Tanskey
(1935) [Begon et al., 2006].
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Population, community and ecosystem

HRER 7O X, Ecosystem processes

o —RAEE (MIIRBEYICKZ2BHEMAERE), primary production

o IRJLF¥—EriR, energy flow (the flow of energy through a
food chain)

o KFRTEIR, the carbon cycle

o KEEIR, the nutrient cycle (nitrogen cycle)
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Population, community and ecosystem

A nutrient cycle: ‘whale pump’

Zoop!ankton
(e.g., copepods) —————p Fish ™
Feces, urea

x Fecfs,

migration, Zooplankton
death (e.g., copepods)

Base of the euphotic zone

Biological pump Whale pump

Bottom fish

Benthic detritus
Microbes

Roman J, McCart
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Population dynamics

E{AEEZE), population dynamics

EFEFHCEEORER - ZENGZE(L
The variations in time and space in the size and densities of
populations [Begon et al., 2006].

v

Three factors for the growth of population

@ birth = increase

o death = decrease

@ immigration or emigration = increase or decrease

Characteristics of population dynamics (interests of this class)

o F1, equilibrium
o TEM, stability
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Population dynamics

Example 1, Z/R> U F+=F, the Japanese eel
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Time-series are the sum of catches in Japan. Local freshwater
populations show different patterns of dynamics, as will be shown
later.
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Population dynamics

Example 2, 758 F + 77 + O, the wakasagi, Japanese
crucian carp, and common carp

y\w

Lake Suwa
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Time-series of CPUE for wakasagi and crucian carp are closely
related, as will be shown later.
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Population dynamics

BEAEFEEZEDIRE, causes of population dynamics

EAEPEEDBEICED < NNGRER

Internal causes within the system (population or community).

Population fluctuations can be governed by interactions of
individuals.

o eg., AHAZE). AA X, periodic fluctuations, chaos (will be
explained later)

o REFETIL, deterministic model

RISZE S & NN IER

External causes outside the system such as environmental
fluctuations

0 eg., BLWEICHNHS, a cold winter decrease birds

o MEXREFHET /L, stochastic model




Introduction
00008000

Population dynamics

Fluctuations of the snowshoe hare and Canadian lynx

Predator—Prey interactions can cause periodic fluctuations.
[ — s p
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see Royama [1992] for the detail of the data set.
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Population dynamics

Cold winters caused decreases of Grey heron

No. of Nests in England and Wales

1000 2000 3000 4000 5000 6000

—— Severe winters

T T T T T
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Time

Stafford [1971]
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Population dynamics

The goal of population ecology

Population Dynamics

LR DR DEFEISERE & &b ICE(LT B!

The number of individuals in population varies in time and space.

4

Mathematical Model

EYOEFEBDIERE &S X PBEBETILZED, BEHNI—V%
EE - FAT S

Comprehend and predict the pattern of dynamics using
mathematical models.
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Population dynamics

Exercises

Exercise 1

Think about the variation among the members of population, and
other characteristics of population based on the variation.

Exercise 2

| A

What is the biological species concept? What is the phylogenetic
species concept? Inquire the roles of population in these concepts.

Exercise 3

| A

How do we measure species diversity? Inquire the Simpson's
diversity and the Shannon diversity index.

N
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Model organism

Model organism

@ a fixed birth rate for a time interval
@ a fixed death rate for a time interval

@ no migration

survive death
—X

time interval Oi"o<8
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Model organism

Let n; be the number of individuals at time ¢.

Durlng the time interval between ¢ and ¢ + 1,

increase factor: birth rate b

The number of newborn individuals is bn; on average, where b is
birth rate.

v

decreasing factor: death rate d

The mean number of dead individuals is dn;, where d is death rate.




The number of individuals at time ¢t + 1 is;

ne + bng — dny,
(1 +b— d)nt,
= (1 +7r)ng.

Nt1
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Exponential growth

Exponential growth

Let ng be the number of individuals at time 0 (the initial

population size).
ny = (1 + T’)’n(),
N9 = (1 + T’)nl = (1 + T’)2TL(),

n3 = (1 +7r)ng = (14 7)n,

ny= (14 r)'ng,

where 7 is the Malthus coefficient (growth rate).
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Exponential growth

Exponential increase: » > 0,n9 > 0

ne = (1+7)"ng
If 1+7r >1and ng > 0, population will increase exponentially.
20l
a0,
o0l
oo

500 |




Exponential growth
0008000

Exponential growth

Exponential decrease: r < 0,n¢ > 0

ne = (1 +1)ng

If 1+ 7 <1 and ng > 0, population will decrease exponentially,

30 40

but, will never reach to zero.
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Exponential growth

The population growth of the United States

An example of the exponential increase of population
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Data from Jan Lahmeyer (2003)
http://www.populstat.info/Americas/usac.htm
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Exponential growth

Exercises

Exercise 1

Use R and plot the population data of the United States: read data
using read.csv(). plot data using plot().

Exercise 2

| \

Construct an estimator of the Malthus coefficient (growth rate), 7.
Estimate 7 for each time interval.

Exercise 3

| A

Plot the relation between year and 7. Do the US growth data
satisfy the assumption of the exponential growth model?

A\
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Exponential growth

Decrease of the growth rate of the US population

An estimator of the growth rate: 7 = (ny1;/n¢)/* — 1

0.02 0.03
| |

Growth rate, r
0.01
L

0.00
|

-0.01

T T T T T T
1750 1800 1850 1900 1950 2000
Year

Calculate the doubling time for a constant growth rate, 0.02.
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Continuous and discrete models

Discrete vs Continuous Variables

&A% Discrete vs Continuous variables for population size

BEEEIEARISBERCHA, ERTIEBTE S
Population size is discrete essentially, but can be approximated as
continuous variable.

iFfE: Discrete vs Continuous variables for time

R I A& LD, FEEDHAE - FETHD SEERRREDIFE S DL
WZedbHhd

Time is essentially successive, but can be approximated as discrete
variable (e.g., to deal with seasonal birth or death events).




Continuous and discrete models
oce

Continuous and discrete models

Combination of discrete and continuous variables

BEEUERZY - EHEREEET)L: Discrete size and continuous time

F e : ; ' e.g., seasonal species

Continuous population size and continuous time

= M2 HER, differential equation model

Continuous population size and discrete time

= Z5HER, difference equation model
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Continuous approximation

Continuous approximation

When the dynamical behavior of a discrete model is ‘continuous’,
the discrete model may be approximated as a continuous model.

.
8000 8000 |
6000 6000 |
4000 ° i 4000 |
2000 2000
.
.
Y Py ry [ ]
2 4 6
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Continuous approximation

Continuous approximation

IS BB H-ERZE, time: from discrete to continuous

variables
{ERE BT —ERZH, size: from discrete to continuous
variables

Fn
&00
500
400
200

200
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Continuous approximation

Let n(¢) be the number of individuals at time ¢.

Durlng the time interval between ¢ and t + At,

increase factor: birth rate b

The number of newborn individuals is bn; At on average, where b is
birth rate per unit time (= 1).

decreasing factor: death rate d

The mean number of dead individuals is dn;/At, where d is death
rate per unit time.
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Continuous approximation

Birth rate per individual

Birth rate increases linearly with the length of time interval.
Birth rate per individual

Slope b
BbAt .................................................. :

ZbAt .................................... :

BAE| e :

At 2At 3At
Time interval
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Continuous approximation

The number of individuals at time ¢ + At is:

n(t + At)

n(t) + bAtn(t) — dAtn(t),

n(t) + (b — d)Atn(t),

n(t) + rAtn(t).
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Continuous a pproximation

Tlflleiiﬂl@xﬂﬁg An, Change of population size

n(t + At) = n(t) + rAtn(t).
By transposing n(t), we have
An = n(t + At) — n(t) = rAtn(t),
where An = n(t + At) — n(t) is the change of population size.

An =n(t+ At) —n(t) ZEELEE NS J




Differential approximation

Continuous and discrete models
®00

B 357= D DZALE An/At,

Change of population size per change of time

et + At)
iIn(t + At) — n(t)
(1)

t Bt A

changeinn  An

— — rn(t
change int At rn(t),

By At — 0,

. An  dn

_— — = t
v v AU O
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Differential approximation

™2 7712, Differential equation

&00

500 dn
400 — =Tn
300 dt

200

100




Differential approximation

Change Derivative

Af df
fla+At)
Af
£(a) df J: (a)At
- a a+ At

At — 0= Af =df
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Solve a differential equation

Solve the continuous Malthus model

dn _
dt

where r = the Malthus coefficient, n > 0.

rn,

Solve the equation by the technique of separation of variables

(BBTBER).
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Solve a differential equation

Solve the continuous Malthus model
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Solve a differential equation

Solve the continuous Malthus model

If n >0,

d
—n:r/dt — logn=rt+ C,

n — rtJrC Cl rt

n(t) = nge™, where n(t = 0) = ny.
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Solve a differential equation

Solution of the continuous Malthus model

The solution of the continuous Malthus model:
. rt
n(t) = nge

@ ng > 0 & r > 0 = population increases exponentially,

@ ng >0 & r < 0 = population decreases exponentially.
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Solve a differential equation

dn/dt =rn, ng>0&1r >0

1500 |

1000 |

500
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Solve a differential equation

dn/dt =rn, ng>0&r <0
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Solve a differential equation

Exercises

The Fibonacci numbers are one of the population models with
discrete population size and discrete time:

Fo=Fn14Fyy Fi=1 F=2

Solve the equation of the Fibonacci numbers. Is it an exponential
growth?
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Malthus

NILY RIBFETIF. ERIDOEGEEISERIRICIEZFEIT 2
Malthus population goes to infinity. ’

UMD UIRERIC I EFEE S EFIRICIE ZHlT 5 2 &30 ’

However, no population increases without limit in reality.
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Malthus

Thomas Robert Malthus

Thomas Robert Malthus (1766-1834)
British economists, mathematician
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Experimental populations

Experimental population of flies

R I—=IICLBFrOYa37Ya3 NI EFES RER
flc—FoNFFE AN, Y393 9N ITOBEFEETIEHRANDS

Hali-pint milk bottles at diffcrent stages in a population experiment. For further explanation see text.

R. Pearl “The biology of population growth” (1929)
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Experimental populations

Growth of wild type Drosophila population in half-pint
bottles

O30 Ya3oNITOREEEDOZEL

AStupTOTE = 2120
o

j/

$374 40 YIGHON

25 °
0 iz M 6 /8 20 22 24 26 28 0 1 14 [
ApriL war”
Growth of wild type D sophila populats in half-pint bottles. Th circles give the observed ce
counts and the smooch surv Is the graph of squation (x).

R. Pearl “The biology of population growth” (1929)
ERICIETER I, BBETHRNIEES
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Experimental populations

Growth of a yeast (left) and a courgette (right) population
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R. Pearl “The biology of population growth” (1929)
S FRIORRMR. OJRT 1 v (Logistic) HH#R

f yeast cells. Data from Carlson,
(iv) Growth of Cucurbita pepo. (Data from Robertson.)
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Density dependence model

ZEZR, Density dependence

Density dependence

o EARDEENELBRDIETHLBMTEHRIBDS
o JETEAUEN, HAEFRIFD U TIERDIEMELNOLITICRS |

Causes of density dependence
o BV DLIIN IR EDERDARE
o RIEDEI

N
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Density dependence model

R TEEMRDA > ETIL, a continuous time
model with density dependence

nn)

If r(n) =r(1 —n/K),

d—n—fr’n(l—ﬂ)
dt K/’

L 4
3

RN

where 7 = intrinsic growth rate and K = carrying capacity.
Continuous-time logistic model.
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Density dependence model

Solution of the continuous-time logistic model

d
& =rn(l—

r>0, K>0, n>0.
dt

?)7

Solve the equation by the technique of separation of variables.
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Density dependence model

Solution of the continuous-time logistic model

dn n
k. _ > 0.
7 rn(1l K),T>O,K>O,n_0
n(0) =0=n(t) =0,
n(0) = K = n(t) = K.
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Density dependence model

Solution of the continuous-time logistic model

d
d—?:rn(l—%),r>0, K >0, n>0.

lfn#0&n+#K,

1 1
/(n_’_K—n)dn:T/dt’

log, [n| —log, |K —n|=rt+ C,

n

1Og8 _[{—’n’ :Tt+C,
n

::t rt+C

K-—-n ¢ ’

K

"= e

where C' = K /ng — 1 from n(0) = ng at time ¢t = 0.
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Density dependence model

Property of the solution of the continuous-time logistic
model

(t) = K >0
T Y (K ng — et T

If r >0,

t—o0=e" =0,
li K

im =
t—oo 1 + (K/n() — 1)6‘”

n converges to K as time goes to infinity.
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Density dependence model

Continuous-time logistic model

n > 0 converges to K as time goes to infinity.

N
140
120 ¥
100 faammoes K
80F

eop r=1.0

4ot K=100

20

0 5 1.0 1‘5 2‘0 2‘5 3‘0 t

ng = 0 indicates there is no living individuals.
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Density dependence model

Continuous-time logistic model

BINER r AREVWELDELS K IR B

n 120,
r=1.0

r=0.5 k=100
°F r=0.3

40+

20+
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Density dependence model

Continuous-time logistic model

o VY TEBODBEEADYTEENNARVWDOTLLLELNT
w3

o BHABVWEEMROBMIL. tIcHERITEXZIENTES
o FIZIX. &D th\ﬁ—mqyﬁ%w)

e a=1TOYRTavIRICHS
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Density dependence model

Logistic model: BEEIRFEIET /L & EGEREETETILDEWL

o BHENIRFFE Ni41 = Ny + TNy ( ) TR N1 = N = n*
o EFAE ‘fl—’z =rn(1—4%), TE S dn*/dt =0

EHEEETOOYRT v I7EFILTIK
BEEHOIREIP A R R 5N






M AN Z D73 < THEFEN DD AR DH S

N BSR4 1 NNy
B dt K
NDZACRE |
| 18] 73
dN_ o moEGsEEZE ¢t R i
ot T2y \—
3

oN

<0 B SEERIEHLT S

N ~ L T
N _0 mSEEKEZLA | T

-
7’




SEEEIEZEE UR VY - P s

N 7ZzVFEIREOERFEE T S

CDIKLD=

TEREE DB N %R &




|-]

adN N |, *
=r(1-—)N =
at K
LETRE 2D N
s h E
N =K mevss|
N s C:

r>0 h\jNO =0 85
WIhaZIicNETD

- )
*
N — O Tﬁxizz;;/n\ p
\ J
r>0 725

HUTHNIEZ B L0 SHENTH <




W (ED) AR ZEIEENT
T LO)V:’,‘ET?E SHANDF L%
EEREENT) SR

an

| dt
N | Z18T
— r(1 —_ _)N C """"""""""" 20 140
K T <
2 B
TEFER
Z:ifgzzjj;/n\




o H%: ﬁzﬂg'ﬂ: L/ 7Ld: \'\/If_:_l\ {lj::z/?{/n\

o LR DBEFRZRELEHEMXENS
NERDEEH OIS

o NEZEZXRZTML I ENTENITE=
FFEREN D D




R

BREETZIENLDFHIIREND LD
REMBEEHHD, 7Y —§<‘7J§|E<'3: LN Do,

7Y —ZhERDIR
T RE )(X@I_Jz:\z\t\/}\fd\ < 7Ld~%>¢’%é
mALTUMMEZESNIGEWTI)IL—TE

O A TEIELDIHI S NS &
AERNTTILZDOL<N

i
P}
i
E
I

Fi}
i

=\
3

ZNE




At
I

ax

— =FX

dt

—5

(x-a)

O<a<K

£\ TS

L R D

=,

A—

I‘/_':




140§
120f

1|:||:|:_ ..............
S0 f
&0 [

40 |

gn.:, ...........................................................................................................................................................




A IE

//\\\



BRENDBREDEEZTE R D

&
::::>
Hiﬁfﬁd%fc_b H_IE@%F
BEMD N
TErassx T E DTS
AT 4w JIENET S
BZEDITETBHEAIED. BEDMERMNEL

EDRREEDEZHDIDHL LWV




BEX ANCOY AT v 7EBEET)L

aN = r(1—N)N—F
dat K

AREMODIEIE RE

FEPIRRE T &




*

N %
rl-—)N =F
K
MEODIZIDEWSZEFESWSIEMNT
30 N
- Y =r(1-"5N
| r( K)
| &
: Y - F
F15:
| DA OV E =




S CTFe ERSEF

4

N & i
F& r{i=" N MR R« FF2OR

CDEMHZHMIT TS 2RRDAES

30

Fmax 2|




FmaxzstTE TKH KD

@ r1-"N OTE
r( K)N DIE = D EER L Fmax




- =

CDEZ RN EES

(Maximum Sustainable Yield)
& 3

CDE=ZHRDEITD &

HDOEEH rd —z)N AN == N TR ANZS



5

ERRDBETMSYZEHTEREE35MN7

RICIEFEATOREFOEEREZE M D DI U L

HRIES - RIEZRHEDT—IHS., BEAEE®
FmaxziEE LD 95

1]

~N

HU. BEE—TETREZ LTWT,
Fmaxk D Z< /A EROPTUED

/7 1\




< T\
BEZS N —ECTHAIEZZZATHD

dN—r(l—E) mN
dt K m >0
Z@-’I-}%—IZI\

LETEMAZIN* L N EmICEEHI T 2 D T,
,L,\fdﬁ"_,ﬂ IE_B_ % 7Ld~ L




FRENOI AT v JEIET B EE,
i ?EEa A_JJERJ:’Q%

//n\




2

=TIV AR EBROEYIIRRIC

BER IS 3 TIEH DD IFE L LAY

FBELQREZEWVWCEZD

TTFILDIRZEVWZHZ LT
RED VAT LEERT B80T IR 3




7AA A



(LN

47;3‘\-/73—\-

=

ZENI D&



VAT 4y VRBEETIV (BEKRFETIL)

Ntiq = (1+R(N;))N;

={1+r( —I\}g)}Nt

Noh 5 N; = 5tE T B I

oD IR UETE

oIEJEHAHR Z {5 o 7 CobwebbingD 777K

24



1EIERHHR % {# > 7= Cobwebbing D A%

Dttt 1Ny BRI Ny & D

N w

Nt+1=<1+r( — K)%Nt

Nt+1 = Nt
D727 %=iE<

25



1EIERHHR % {# > 7= Cobwebbing D A%

N
200t+1 OtmcNonEZEEIL .
F 5
: N, \
150 Nipq=1+1r( —?)} t
ICERZTDILT
100
50 No% Nty ={1+f(1—ll\g)}/\/t ICRAT DD ERU
o 50 100 150 200 250 N [

26



100 |
80 |

60 |-

-------

5 % (& > 7=Cobwebbing D /57

2 ODDIED I 5
Ni;1=N; [CEMN> T
IKFEICHRZ 5] <

Ny Z &8l c B UHZ S

0



100 |

80 |

-------

5 % (& > 7=Cobwebbing D /57

Nit = {14 (1= )N,
[CEERRZE DIET

NyEOYRF 1y I RICRAT 2
NDETETE S

T, @&Q@Di#&D&RU

0



CobwebbingDAEDEHEH

Nt+1
200 Np =20
r=0.6
K=100
150
CORICEET S &
/3'“9 & = DElT 5

100

50

0 NoN;N50 100 150 200 250

29



XA T AIAE S > TWBSDOH?

Ni C N

i Nt =Nt DD LD

of ROMRDH, ZDRDHERE
“ FUMICEZDT

ok ZlcEEEDERITS
0 K\ N CORE

Nz /;%T/Ifj\_\(ﬁﬁl%ﬁﬁ_i) t I]?/Si\

Ny,i=N; =N &T3&

N*=<1+r(1—I’V()>N* rn N =K

30



K%z IRIZEUNA 7] carrying capacity & I3

120 - K=100
=K 1002. .................

KIRIEINAE 7D

31



rinokD/hEnEE
r=-0.2
N K=100

100

801 100
' 80 |

60 | [
' 60 |-

40 |

20

EARZRULTRA UTRATUE S

32




rHookhRKkENnNEE (0<r<?2)

NO =1 I’=1 8
K=100

120

120 - |
! 100 F

100 | _
: 80 |-

sol _

60 |

40

20 L

RRICINR I BERIA D B

33

(1
O



r=2.1
K=100

rine-EXRESVNEE

r ABARZDNV D78 W & E DIFINE

WE/\] /\\\iéjJDY

120

100 F

N9 DL Dl

34

7

&

t (FRFfE])



=
&

\

=\

S [CK

25

A

I

‘K2.8
N-t
....... Nt
|||||||
|||||
|||||




rORE S EERREE) DR

<O Ny [FEFRITHDULTOICEDL

O<r<1 EHRHICEMUTKICIHED L

1<r<2 BIULT, BERBULEHSKICED <

2<r1<2.45 2 DDfE%Z & > CHAHEE

2.45<r<2.57 BEHZEID & DEIMFRICIEZ T L

2.57<r AR

36



IR [X

NAR

KIZUN R

a.u...g

37



/;%A

Chaos D 451X

= =2\

_n.Elljdx ET)

o THAILIREINENS

o YHAEN DI UTHED £ DY

hiz

oV [ - VANS

38

=11

,::_L\



Chaos D #| 7l

PIERMEIC XSS B SR KT 1% T IR

)77/ T

N — X
A=llm— lim In n L
n=e g yo=2 =0 |y, — X,

A>0 THnEHAX

39



ChaosDH|RIED B

Y

0

BUSMKRFMET

j TEME | T B 8
?>/“ HAZIDE DD ZHEIT S

—xo‘exp()m) A>0THNIE. EHRIIC

, BN W<
)L=—lny”_x”
n 1y, =X
1 y, —X,

A=lim— Iim In

40

— —x~ —0) —_
n oolfl‘yO xg —0) yo XO

)77/ 74

5 &Y




.1 . —
A=lim— lim In/22—"
n=e g yo=xo|=0 |y, =X,

timd lim il 0) = (%)
n—% g1 |yo=xo |0 Yo — X
= limlln 4 (XO) ==L
n—» p dx df"(xo) _df(x,.) df(x,.) df(x,)

- df dx dx , dx dx,
I |df(x,)

= hm—zln K
n—e p = dx,

4]



)77/ TEK

J

OXAT4vI7ETILD
7T/ TR ZERICETEUTH D,

B XFr=257TU 77/ JEHII0E 115

do 4




® ﬁEﬁE T 7 )I/T“

wmu

o —TEIRIE THREMGEDEM

%/L.;\"

é}J%/__I_\—g_L_ th\@%o

43

/

5 U - 12&

N

[cu



fite 3K

T

]:Illll

€7 )l



IRIERE)Zh

o FIHR(ETCZ [F Tl {EAEE
o [EAREELEH)/\Y — (L4

45

77N &

_=E

ERIgE UTHID ANn%



2T
SRAE

+}<

B(t+1)=B(r)+ rB(1)|1

#(1) ~ N(0,5?)

B: {

N(O, 1): I

]

KEE
13590, 7280 D 1IE R 2

4 v 7 ITIER D RICHED
ghxERUTCEIREETIL

N
BU)| 4 B(r)e(r)
\ K f
SRR
DINA AN A=

46



_ 1 / (X—M)z\
’\/2]’[(7 \ 2(72 /

AvbEa—Y=2EZE. BEIC
IERDMICES BB ZHRESEDIENTED




RIECT—INSI/INTX—FIHETE

B(t+1) = B(t)+ rB(1)

1)~ N0

[
1
\

EFLEBSET ‘

B(1)

K

1 B(t+1)-B(t)-rB(1)| 1

+ B(t)e(r)

)~ Noo?)



INA AN ADEFRIT— bl
TTFTIVICHKED & T B

Data: {b,_ b, b, }

d=—1b..,—b — rbl.(l—z
K

)

> » L=ﬁf(di) jf:l

i=1

FFR R N(0.07)ICTES

49

Mt



B ONHIEDHFR/IME

Mt

2 20°

2 f— \]/ ~
_InL = E(Ina e Lo+ 4 ) =IO SESUW

n-1 ’
L=—1nL=(n—1)1nGe+”—1 lzz(biﬂ_l—?‘(l—bf))

2 206 i=1 bi

<

=/ NETRBDINTA =T 2 RD B

50




i JLHERE D5

kREF—SYZEZI2L—I 3> TERLUT.
S ILHETE CT/INTX—Y ZHTE

T—5
=) < HETE U T fE
r=05 * 1Z ;¢A=o.5497
K =100 . K =98.35
02 =0.01 ) 20050100150200250300 62 = 0010
=15

52



o INIEZENICIHU TME

o IEXRTET)LZHWT,
DT —I NS, F
VIRIBINA N ZH#HTE

53

RIS EENT B

D E{AREE D IEFE=
TZE5

N DEFE

/3 AN\




2TEDEYDHREFEETIV
(74T T4 VKRICK DT




2TBEODEYDREFETTI
A TAITIEER

AN T TA VEICKDEN



ONEDDE

-BEHC 2 FE

XD -

DNV D & EC

o
T

S

)

® o
oo
T

_®
)

AIMNNFEZ B H?



LT .

TJL =

2 TEE D7

competition

i predation

A mutualism

_|_

_|_




Abundance (Hare x 1000, Lynx x 100)

R H

150

100

50

SPOND I AATIYRIAENT ) IHE

—e— Hare (the shores of Hudson Bay)
-*- Lynx (MacKenzie River)




ONA - RNILTZHEE

d

j); = (31 — Vl)’)x

d

= (_‘92 + sz)y



e, v =15 B=1.C=3. D=1
12|

1

(o

= v D

)

\VA\V4\V] Vi VR

S 110 15 pAL

" 4

i, vA=1.B=1.C=1.D=1

10 210 30



Vito Volterra Alfred James Lotka
(1860-1940) (1880-1949)

ltalian Mathematician USA



Bz KD mH

&F

()ﬁ?

-

Jfﬁ resou rce)

D



Gause (1934) IC
v ) IN3E Paramecium Z{E - J-EER

RIUERZHHITZ2BEDY VULV Z
7\J|:Elbéi\ L/Tinﬂ% J7LC

Paramecium aurelia



2DV I LYZ—REICIEET D &

B2 (147

Population density
(measured by volume)

I FHFELU

o P. caudatun
= P. bursaria

Ol e O

O
""""" ss =
| | |
16 20

G.F. Gause (1934)
reprented by
Hafner (1964)



BID 2 1

EAZ E (1I518)

P. aurelia

Population density

med b

(measured by volume) E§}

200}
150
100

50

P. caudatum
0 O .
O el -"‘(:’ """ A Sminewes el
;)’I
amad ,()'
2 o ":J’
r‘r O
-q q L | | 1 L | 1 1 | |
4 8 12 16 20 24
Days
5 P. caudatum
e P, aurelia

G.F. Gause (1934)
reprented by

) -

Hafner (1964)



OEDDEBRIC2EBOEIPN NS EESIC

EDLOBIGEIC

o T DIEMEZE S N THEB I D DH

O
N
—>H
Lml
[Tam

ENHEEFEIT HDOH




BIREETIN ZE > THEREZS<S
P 0D B N EROBEDE

1 DDfE

BYIVL

EREOHS

DR, ZUT2E

Btz & < DHis




FNEFNICAOV AT v IIEET S 2F

MBEEFEFENGTNE S
ANERFT T
'4‘51 & 2
dN N
L= n(1-—HN;
dt K
dN., Ny
(1= “2)N
+ > ( K2) 2

T
—_
OH

(LN

N,' i DEEEL

SRIB NS

[i #&iDRHE
K; &Ei OBREBENRAND
1=1,2

FNEN
RIBINA I Ky Ko [C
INZRT 5



EEBFD D D 2 B EIEEF
N AT OERER
® N,
?Eﬂlj%ﬂ,% r
EEHRE K,
dN N, +aN
L= r(1-— =N,
dt K
dN2 _ r2(1_ N2 +bN1)N2
dt K>

T D

a b i
B ERTRY

]

(234

1Ei DRI B RIEINER
B DBEEBEINA T

B D




ORA - TAILT ZERFROEM

—RAIIC ZEEDIEFWD AR DEEZ
EITHIC KD B C & (T REE

OaAyvFEz1—YIcL2ESASE

BRI A— I EITRTEDDZRENBHBDT
LAENRMERZ D ICEREE

OF AT Z4 VKIC KBS HEFEEENT
(ZE MERIAERT)

—+Hd




OV E1—Y TCOHYEFE

BERLETILE (A1 Z—%)

N (t)+aN,(t
0, ,,1(1 N aNz) N AN, = N, {1+ At) = N,(1) - rl(l BuUAA ))Nl(t)At
t K, |
N, (t)+ bN,(t
dzz=r2(1_N2;le)N2 ’ AN2=N2(t+At)—N2(t)=r2(1— a )K2 i ))Nz(t)At
2

FEXAHZ TN KEREL BIZIE, At=0.001) .
FIEBEAREIN_i(0), r i, K iDEAFNLEEZSZ T,
N i) DIEZ#EDIRUVETEZ I 5 &, RBEZE(LOMBEMNESND

T TILICE. EDERDILT - Iy EREHH S




A1 —%ICKBDHEZTE DA

[ = 1,I’2 =2
N Ky =80,K, = 70
a=07b=1.1
80 K
| B
ol | o e

40 |

CETICET D | HiFHER




Va1 —HICKBEESTE DA

H="1rn=2
N> K, =75Ko = 80
100 - 1 2
5 a=0.7,b=0.8
+ E{AR%
80}
80k
. | & 2
1 I [\
sof
or | &
20
ol j
| —
0O l 2IO l l 4lO — 610 — 80 — 160
Nj
MENEFT S - 21EHTF




80F

SHUEETE DB
B2

H=1rn =2
K1=90,K =90
fE 2 a=14,b=1.5

40:- N1 =2’N2 =5
zor:'/ N
80:- ﬁé]

| Ny=10,Np =1
T

OKTO ....0....3.0 ..... 0 t




+ B
INA AN

O KA - TAILT ZEFROEM

EREL 3DD/INT =V ICHhNnd

AIHR DA

B FHEBR
2Bl

FREUC K > TIERDRED DMUETE




EDELODBRFHEDEZEIC

i FHEBR / H1F/ WL EICTR D D h

oY NSV ANAY bRl e




74N T T4 VI K BEFEEN

ZFNZFNOZTEICDOWTEEREEITZFTL)
TNZzlHAEDLESIET
SERNBRENZE Z NS




|~

T REKD B

dN N1+ aN
T=pn(1-— )N,
dt K,
dN N> + bN
S =n(1-=5""")Ny
it Ks
LEDARE T
dNj _0 HO dN> _0

at at



TETREKD B

dN1 =F|(1—N1 +aN2 )N1* _0
dit K
dN2 =r2(1_N2 +bN1 )Nz* -0 J\'D
dt K»
(N7 ,N> ) = (0,0) =)D N R N AT
NS L F77 LD L
(N1 ,No )=(K1,0) (Ny,No )=(0,Kp) e
Ny Ny )= (F178R2 K2 =DRny 5 g st 2P o

1-ab

1-ab




TAVT T4 2DKROT

o

53

LD 0 (T TR B At

I ENTNOEKICOWNT

G

72K B

-

Ny [CDUWT

aNy _

at

- N1 +3N2
K1

AN T
1

AT N1 =0

Ny DIFREIZALDY O

Ny=0 & Np=_(Ki-Ny)

a

NSZNDTAY T ZA4 2 EFSR




TNZNDELAFTDE LRI

N, (T8 E DB = N\DOF7AV 754>
adN; N+ + aN
K’Yg_ at = K Ny =0
1
A 1
a No = (Kq— L
2 a(K1 N1) Y,
CDiFZIE(IC
%<O
:- dt dN ~ W\ ~
._ dd/\?>o dt1>0 S NHYE Z
dN CAR W L8
,,,,,,,,,,,,,,,,,,,,,,,, <0 BSNDUED



No(fitER) T RIDEIE [ .
No D71V IS4

No
l dN, —I‘/l N2+bN1\N
2 , =0
dt \ K,
C DiRxIFEIC
dN
dt2 >0 7 SNop e X
dN,

o <0 TRENDVRELS




mAazHAHHHED &

2ODTFANNT oA
N
2 aNy _ o dN2 _,
dt at
S - / D38 A ST
(O=K2) (
K K
N ;1>K2 75\??2<K1
C DiZEIE
> \ BEPRRIC IR 3
(K‘I’O)
{4.0K6.0N1
(0,0)  mETES




PANN T o4 EDES
N7 - AT IERFRICEWNT

K
1>Kp A ’22>K1 DL =

1 MBFEICN, ENDT AN T ZA 2 xtals

2 TNETNDFAYV T A VITEHEENTI-HEIET
Ny ENDEE SDABEICEN hhERE

3 4D0¥ERZ2OTRE

4 _IZ.@ - \ 2\ 3 @%ﬂﬂéb-ih\g
EDVFERDNZEICTRD D AN




2OD7AN T oA
Ny, dNp _
a at
DRXED UNcTHEEIT BENUGEWLWHHATRE S

B B HERR




2 1E

[TLLY

NHFT D51

~

K-| > 3K2 AN, bK1 > K2

BRHEER TR DRI D

K1 < aK2 MDD bK1 < K2

HEADEARIE THEENZT DD Ki<aKs 1o bKy> Ko

J

~N

WRE1ET 2 Kq>aK, »> bKy <Ko

21

[TLY

ab<1-oxniEROESELD
BRNOBEEINHU IThITHETE 3




N s DA I T IERFRICEITS
G DERERICHINBEAENZRr ZF S5 LRV

<1
2N
e

T ICIRFE U IEAD B WD BIERETIE
SWREBINANK=ZEFE DL DONEEHkD

ZE U IRE
EBEHEEFI L TWS

S

K 78X

BENHFEDEE UL WRIETIE

SWMBENRZFOEHDONEZTKS

SIEOZEREMEL <
EH DI WIRE

r &N




bR =3 ey AN AN b=
RRDAN BT 5 &
—EDEIETRHRIN O DS

RIDAIE—EDE|ETEE
TEERFDOLDICKS




RDMITOETI

ax SRR 73
E _ _ayx SYANAYND ¢
yegmgze  OAY
RENERT B
d l a -iER%
d); _ axy - by LIERE a>0
aiiEd 2z b:EIEER  b>0




ax
— = -ayx

at @ ‘

ay
— =axy-b
gt y -0y

1 FEREZIETX

2 XEYyENZENDTAV I Z7A4VEETREL
Xy*HHICRE

3 1&2hoxEyhEDLOBEEZEI D

HEAIE K




AT 74V EEF

ZRTTEBMETAN) T A VICEDXDIF U

XD SNEERTOREZHDIERZHANSZ ET

RDEERENZ T 5




EIZAEZENO):ih



R TR &

dX-I

+ = d1X{+ DiXo + C1X3 + -+
dX2

v = doX{ + DoXo + CoXg + --.

EHXx—RDEHDODEULED
A=A

2 TIRSND



ax ax ax

=X =X —— =X

dt dt dt

dy _ dy ay _

at =7 at =7 at =7
OFEmZ3Ke K

07’1’ VoA VR WT
LR OEZEEZTANK




ax

at
ay

at

|~]

=X dx

RLIEN =

=0

ot
=Y

-

XDTPANT oA

ax -

—=X=0
dt

~N

(x',y')=(0,0) R

dy*

4 -0 &b

e

yoOT7ANT oA Y

ay _

_0
at =7

A




y

]
a0}

////y/

Tb’;'éﬂlﬁ’ﬂ C

//
/20 _ 20 40 X

FESEAELE

HAE (xo.¥0) ICK DRO SN T=AMREIC

:H&_é_%




\_
| l - \
/ y | \
/ sl | \
7 1 }
/ / l" ! ‘ \
v / » \ N
A 20 - ~
— // . \‘ ~—
— i \\_
L e VT L
40 -20 </ 20 40
\\\\\ //‘
\\ \ I / -
SN \ 20 / ///
N 7
\ | / /
\ \l ,’I
\ ‘\. I 4‘ /
\ a0 |
| | | /
\ | ] /




ax

— =2X —

d 4

Yy

= —X+2

p X+2y
OFEmzKD KL

OF7AI T4 ;EZ2HWT
EERDEZEEEZFANK




at

at = >
ay _

at =7

ax

= 9X —
ot 4
ay

=-X+2V

4 )

X = ert

y= YOet

. J

?

C DIRFETDF RO BEITRYIC
BEROSNIBEWLEBE S0







d_n _ 2 -1 - n(t) - (X(t))
dt (-1 2 y(t)
2 _1
M=1_y o] &93¢&
an B,
= Mn VIV AIBHEDI &
dt AU




ax _ rt

dt
an
T =Mn ot n(t) = ye™
ot (t) = ue
ulSHBEZRIRY N
MIEE
DFNCTRD D TIEIR WD ?




-

an
E — Mn DERH n(t) — uekt ICigzdE LT

2t TR

an
at

ZnNs5Eb u}xeM = Mue“

- Mn = Mue’ @5 ms5mEstic A

M wigmTse | MI=Mu




~N

W=Mu MNIRAH>—1E
MiZ 175

- J

N7 BNV ulciTi M Z2{EHS B 5 &
NTZKNILud A BFICREIEZERT

CHDOXOBEABRDEDIIDEE

uz175 M DEFNY KL (Eigenvector)
A Z17%5] M DEHF{E(Eigenvalue)
& 3



uld

U = Mu

£3A0% foiAlCizIE
M- Nu=0 /=(1 o)

BA175

0 1

TONY NLTIEGBWLWDT

(M-Al) [CEITHIDNFET 5 &

M= M=2Du=M-=21""-0

3D U=0 TFEITD WHoT

-

\_

(M-AD) I IEE1THDNFETE L 7R LY

~

J




-

(M-Al) [CEFTHIDTFETE L IR W e D DR
det(M—)LI)= M-l =0




(2-21)°-1=0

2 _4r+3=(1-3)(A-1)=0

KORRIE M =8& A =1

M=3 RETBEERY ML
IR
3y1) \-1 2 )\y;

X(+y =0 EBLT Pl u1=(
INTD X1 & Y1

|
-



o =1

ICXTIT B[

IR NV ZEEHE-



ry
)
QLU

- COETETESNIE 2 DDfE

n(t) = u1e3t M =3

n(t) = uget Ap =1

&, BFEELETREZICHDEDICEDOM?




EANY ML (FRiER) OAEICHED DT
EERIICHERML T L




FIEANY ML (f%iR) DARICHEN>T
EERICHEB LT




n(t) = u193t

n(t) = uzet

20 4>\
\\\\ 2 D DYFTRER LIS D
fRENIE

EDLDICFTKRENDZDMN?




n(t) = u193t n(t) = uget

fHOEEIE 2 DDEDELHHOET
RSN

(Xo\
FHMENR Y KN)LZE N = E9 5
\Y0/

no = CqlH + Cols

Rz BEYIIE SN ET
2 ODEBNRNY NLZERICHDICHETES




no = CqlH + Co s

TNZNOEENXY MLAROEE (&
ZDAREICTERIICIEMT %

4 N

At Aot

nt) =ciue™" + colse

_ ... an
Z DIVH E=Mn Zmmlcd &%

FEDND K




~

At Aot »

D Nn(t) =cue™" + colse

o) ‘;’; - Mn %3 T BRI &

\_ J

‘ n
VA UE Zlﬂ = 017»1u1ek1t + 027\2U29x2t

- J

@BALD Mn = 0197‘1’7\@ + Czekzth
S BN MNUIESMAMERY % EEREAZICTES

Mt Mot

= C17\1U1e + 027\.21126

\_ J

K> TRHRDOIIHQODETH S




Mt

Aot

n(t) =cue™" + colse

}\1>O MDD Ao S0 &=

FNZ2NOEBEXRYZ NLABED
FHEDNKRESLLED
L& S (0,005 HET B

I'I'l

|-

[~

" RISARE(RNZE / — K)




7\1<O 75\9 7\2<0 @é:%

FNZENDE
FE(FO0CEDE

=

n(t) = Cqu4€

lL'/[jtil--/lf__l\_\- Liii (iﬁ

FER(0,0)ICNFKRT 5

M + ColsC
RaNY Flbﬁrﬂ@\
J —RK)

Aot
y
o
20 /‘
/ 20
/



At

Aot

n(t) = ciue™ " + colpe

7\1>O 75\9 7\'2<O

=1 0 IR ER
FAIEHRET S

) -

[~

LR RS B &SRB

|-]

S RITEIAR (T RIL)




—RITIRETIF R

Z’;=Mn M=(i S) &

BEARX @-A)d-A)-bc=0 %7
2 ODEEEZREL. TNHEHEDE =

r

M>0 2 A >0 #oFEaEREE/—R

M<0 2 A <0 BSEESIFEE ./ —R

MAs <0 25 PERIEY KL




sEAHREX @-A)d-A)-bc=0 H

REBRZHDOEESRBRDIN?

~

o —_
- A

S 5NY MNUVIEEZCFREICIRN L

Uil
/]
b

DA RICERRIICIEN /BP9 5 &3 <35



OFERZKD K

OF7AYV I Z4VKT

Z

——
AN

|

\/_.

il

ok



dx
=-X-2
| at /
dy
= 92X —
it 4

XDTPAN T oA

1

= —X
4 2

yoOTAN T A

y =2X

20

A0-




dx .

ot X-2y WEEORD %

< dy <BHBLSHBUEBDIETMNBDH
- 2X -y

llllllllllllllllll

-40-

WOIEMWSINEIT D7 WD IREMNSHENIT D7




S ESPAY hat
(-1-A)(-1

~A)+4=0 &0

Aﬁ=:l;\ﬁﬁ

FENERBD LS

S HEOERFNERS IR

S5 EDEERH L

WANSE 1= S




TEIA—NRA
CEIR =)




ol
Ay
N2

SHAER @-A)(d-4)-bc=0
D 2 DDEEN

\\1|
A
s

DS

M>0 > A >0 LBESFESEITRRE/

M<0 > <0 nBPHESERE/—R

MAs <0 25 PERIEY KL
o >0 RS EESIEREET A —HR

o <0 S EESIIRETIA—N R



v
it

\/
ity

A28
dx
=-X+Y
< chjt ICDWT
y
=3X +
_dt 4
LTS Z KD, PAV T T4V ETEE!E

OBHEERSD, REEEHNE

X

A

ERANEN



dx dx’ ay
E=_X+y W=O W=O KD
<d * %

Y _axay  REREY)-00

40

XDTPANT oA

y =X

20

20 20 1\ 20 0

yoOT7AN T oA Y

-20)

y =-3X

S0




M =
Yy

+

3X

D
N
0
AI?_3=O
M — - |
def )L)“O -

1_ = _
] 4

N 2

: +

A =

1)
(-1 !

\

L
N

= E
LIp=




XEROEE

AN

\
v

-/

//
<«
A\ e

(XIS D&

BT N

Eﬁ’\“ﬁ NIL




%7?/ 2R D

=

—17<]-/|\\ OD jﬂ

INRTD

I/-

- (&

JIEDIEEZfHANE I &E TN S



73

%.

RDBIIZE

1)

AT




FIElDH S 5 LY
—RITIRE T1F R
Cl'_n _ Mn M=(a b)
dt c d
[

2 DD

I

MBS, FNICHEINYT 5

&

55t @-A)d-A)-bc=0 %7

IR N)LZERFD




AEHER @-A)d-A)-bc=0 D2 DDEMN

) RMBOE S v )@

®A1>O AN, )\,2>O =y ‘m' T
BRSEERIEIARELE/ —R y o 4

@M<0 »> A <0

7S FHRGRE / — R

3) MAr <0

IR5EERIEY RIL A ‘




2) ERBHEDEZE A== fi

REFERISALEET A —NA

CEHRIIEETA—NR

>
T

aw )

A0k

4(8

Sl

_a -~ '50 s

40,




ﬁ%?} VA —??0) 7 \"ﬁ?':ﬁcé(

ULHhURRARBRIRRZETILIE U T
#EEET)VIFIERRFENZ <
BNTINICEEZ KD D Z S IEEE L LY
dl\l1=r1(1_N1+aN2

it K

dN2 N2 + bN-|
—E = (1 _
ot Ko

)N,

)N




FERRIEDITERE
RSN cizrrlic & WTIE
SR TZERICSEPITE S

FE R DORFRRE R

FER;

SEE S DFREEFDLEE D
Ze FUMCED

2 N2 R DEEMTIE




SRR E MR AT
N T AT THEFRTOEES

1]

S
— N\
&R
I

dN N1+ aN
T=n(-— )N,
ot K,
dN No + bN
S =n(1-"2 "Ny
ot K,

g sald (N ,No )=(0,0)

* * * * Ki-aKo Ko -bK
N ,N = KaO N ,N = 1 21 2 1
(N1 ,No ) =(K1,0) (N 2)(1—ab 1—ab)

[~

(Ny ,Np ) = (0,K»)



2ENHET ZFEERICEET S
* * K —aK K —bK

N ,N = 1 25 2 1

NN )= ™ 12

e ahsbhUiFInicEZme (
RDKDICIEKRT

(N1,N2) = (n1 + X, Mo + y)

T _V\ o :z/jc—/n\
4 N\
Tars | | FER
. IREN=Y0 (4, n2)
ER D \




(N1,No) = (n1+ x,no + )

AN,

at

- A(1

B N-| +aN2

=41

)N,

K1

KD

=S

(n1 +x)+a(n2 + y)

K1

\

-(Nq + X)

ax

at



B ZRICTE2AZE->THL
LETIRREZ KD B EEHN 5

[~

dn1 ny+ alos
= (1 nqi=0
+ 1( K|)1
Z DEBH0
Ny +an i
1 1 2—0 KD n1+an2=K1
K- \
. dn2
alfkilc —==0 \ =
A Bk | p AN
No + bn i
1— 2 1—0 KD n2+bn1=K2




UEZEET 5 &

~

d(n1 +X)
at

Ny +X)+a(n2 + y)
K1 J m5S

=['1<1—(

Z); = 1{(Nq4 + X) }?1 (n1+ Xx)(N1+ans + X + ay)

r / FwrEo st
= (144 X) = (014 X) (K + X+ ay)
1

= A7y + X)= A0+ X) = - (0 + X)(x + ay)

K1
r ar r ar
1 1 1 ,2_4an,

ny—-—X
K. 1y K. K y




A NN
7

Ay

/

LTWB R (N,N2) A

1= () DT ELICH B ET D

Ing

I'I'l

SZT*I/|\\ 75\ b 0) _a—n

X, V &

BN/ NS LY &

ZZ256Nn5%



|-

LETE NS DT N x DERFFBEIZE{LIE
ax e ar- I- ar-
— = ——1n1x——1n1y——1X2 ——1xy
dt K1 K1 K1 K1
(N1,No) NE&E S DIFEICHDET D E
X, Y EBIKINSWDT
X2, XY BREORRDIEFERTETHIFE NSV
o H”X aﬁ”y ERRIICIERITE %
— = = - i JZ :\ 2 C
a Ky ' Ky -

~




N
/=

dN> N5 + bN,
= > (1- No |C
p 5 K, N> (cDWNWT
S F IS D

(N1,N2) = (M + Xx,n2 + y)

T NICHERL

|~

LSS DTN DR ZAL Z{

ICDWTIRIEDO AR ZE T




|~]

L1875 (D ITfE T

TEEANSDT x, y 1

ax __ n an
= n4x n
dy br. 2 o

nX n 2 71 - ~:/\~
at =K, 12X, Y DR HERICHES

[ n ar; )
/ dN K n K N
N=|"] 53 = TN
\y at _17"2,72 _f2
K>



dN

at

[ F ar
K™ K
b1 1
I r
K2 n, D

\ Ko Ko

N=MN N =

(X ,y )=(0,0) 1. THNOBDT

(x ,y )= (0,00 "EEMHRSIE

I x vy lEE LT

NF N

LT (CUNER T B

FEENSH LN E LT

LEm (N,Ns) ZDHDZIET

X )
Y)




(Z)E/— g 9 %"
IV?J /

-

'f

ar,

( H’H 51

K- 2

dN — bl’2 no K2
dt K

Ko

BT

KD
0
M=l =

£ I\

SE=Waki=

-0
abr1r2 o

) A)

o no

!

( A

KK

=0
ab)n1n2

o (1 -

)A + P2

_K2



ax2+bx+c=0 D a, B I&

a+f3 aff =

ICDOWT I I
M+ Ni{i+-%=-n
1+ Ap (K1 1 Ko >
Mlg = V2 (1-ab)nny




A
KK

(1 — ab)n1n2

MAp =

~

1-ab>0 735 A <0, <0 CTEEIITFEAAMICEE

1-ab<0 7254 >0,4 <0 THRILICHRS

ab <1




HE ERE

\_

‘Ok7 - rj‘#)b??%ﬁ
SRR O E = (X
AP EZEEZIANK

%fﬁ\d)
Y )=

(K1,0) @

DEEEREEEH EF IS DT NIC

@1 ,\\b\b@'é'hb\d\é L&

-} [Eka

@ %?ﬁ/ﬂ?%@ 3
L:'chL \ODJ—JZL_O)

r——1

A

II‘/_‘

_I_

= (/aF

FE

gaN: S UN

EE) =

EEENSDITNITDWNTH ﬁf\ﬁk‘t?&%b‘



T4 7—EREE

{AI[B] T H M PIRE7R BN fix) &

f(X)=aO +31X+32X2 + .-

< _k
= Y agX o
k=0 Dz TERI &

£ L AY— MNCBFREMESET



f(X)=ag+aX+asx” +---

2

X=0 ZKATHL
f(0) = dp

- T

-

\_

ag = f(0)

~N

J

fix) 2 x THID9I 5 &

f'(x) = aq+2asx +3azx< ---

x=0ZKAUT




NziEhHikg &

\_

f(0) +

CHNIEODED DT -

N7

£(0)
1

X +

£(0)
|

_IJ\/}

= 7 &

X

2+f (0)
3!

7_1§F¥ﬁ

EEn 5

X

3+...

x% X=Xg+h &>

[Al%s

RDETEDNS

BETRIR R Xg&E F I HEDIN h T

R &

-

\_

f(xo +h)=f(xo)+f(XO)h+f Xo)p2 1T X0) 3

1!

2!

3!




% o bk
_ V7 L
IZO (Xo0) Y

Xoh5DITN hH/IhS T

h DR RDIBIFEHRTEHIFENS KRS

f(XO +h) = f(Xo)+f’(Xo)h

(1.007)" =17 +n-1""1.(0.007)

=1+0.007n <ssEhicstacz3s



2RBHABDT 17— RH

N1=n1+x N2=n2+y é:'é‘%é:

-

1{ ¢ J
f(ny+Xx,No +y)=1f(ny,No)+ —+ f(ny,no)x + ——1f(n,n
(4 o+ Y)=1f(ny,ns) 1!k(9N1(1 2) (9N2(1 o)y

1| 42 > 5P P
4 f(ny,n-)x f(ny,n f(ny,n>)x
T N2 (n4,n2) +aN22 (n1,n2)y NN, (M4,n2)Xy

(N,No) Hh5DIT N x, y KNS WESIE

F(ny + XN + y) = F(,mp) + 2 £, n)X + 2 F(ng, 1)y

N

INo




2 R DIERIE I F R

-]
I~
)
At
<
s
I
)
=
N
Ay
<l
eN
N\

-]
I~
i

RSP UBEN/cR%Z

(N1,No) = (n1+ Xx,no + y)

[~

CEHHEZFINEDITN X,y TR




(N1,No) =(n1+ x,no +y) &b

din+x) ax
=— =f(N{+ X,N
+ o (M +X,no +y)
TAZ7—EBEREULTEROEZHEHFET S &
e F(11.10) + 2 F (N, 10)X + —2— F(ny.110) Y
=)+ o T2 T,
T
0 0
=—Ff(Nq,N>)X + ——1f(ny,Nn
N, (My,n2) +0”N2 (M,n2)y
[l %k [
ay o %



dx  J 0
dt=0')l\[1f(n1 n2)X+0')IV2f(n1 n2)y
d J 4
kd);=0')l\l1g(n1,n2)x+0')l\/2g(n1!n2)y
i [ 0 \ \
——f(nq,n —f(nq,n
dN=aN1(12) 8N2(12)N N (X
al i9(171,”2) ——g(ny,no) ) y
(9N1 0 2 /

Z D1757%Z2 7 3 175 (Jacobian) & R

VYIETHOBEBEZFET 5 &
FPERAGEDRMEZEENHETES




Fall)

Qu

3E‘fi Z

\

ZDZRITCHEZRTIE
RIrECE &%——@Iﬁt

%gb\b@’ﬂ’b NEEI 5 &TT
JRIE L T TE 3

N%=

FERORRE E#ER

& 3



[~

TR DREFTRR

OKNA - TA)L

E [ BT DB
T OHBROZETETIL
HEE (porey) B EL x

VAT AV IIEIET B

Yt £
i

1 1

> AN\

1 1K

$25 2y
i

FICBNLNS

4=

-2 (predator)

1 I H

fEAEL y

EZRBNTEZS



dx
dt

ay _
at

a.

X

=rx(1-—)-

K

SRATAYYD

fe257 /
-C

bxy
1+ hx
SE%FS&:

/711

AN
~

b: R

- ’(

c. 5t

%-%-%

—_—t— <

axy H®EENc<TAH-oTH

C1+hx BRERAL










(x .y

77 -

an
at

/n1\

\[12,

—\7] L/_ 5']7&15\9 7'—(_/\'(7\ 15‘3:—[/'{—:_'\0)
AP E S BEAT

* C X*

) = (b v a(1—K)(él+hx )) = (X0,Y0)
175 7 EWEE S DTETERE{LT 5 &
(9 dx|X=X9 9 dx/X=Xxp

ox dtly =yo dy dtly=Yo

n =
Jd dy/X=Xo 09 dy/X=Xp
\ox dtly=yg dydtiy=yp,



HIEHNEHA

Y
At

HOMNEZMNEDIFZE

A1=-0.00125+0.0157619i
A2=-0.00125-0.0157619i

o
o
1

60 |

40 |

A/

| —
N

&) LR HY S H1F7FA

R9 D



EREDRKIENO0ZEBDBU TIEICRD &
A1=0.000685326 + 0.0179459i
12=0.000685326 - 0.0179459;

HEFEERIEBEPNICAELE T A —HAICED
J=w kAL HE5LNS




120 ~ /

100 |-

N

HEFERMN

40 |-

BEEEDHIDNEFET S
TZE ./ —RICiZ3

20 -

Ay

o / B RRICTEE LA &




TE T A—HNAE > T=FE AN
INTGA—=IDNEZAT BICDONT

AREZEICIZD
)=y N ATILDED > TW £S5 ZE{b%=
iy 70 & R




EEE &RE

‘25'

http://www.jfa.go.jp/



http://www.jfa.go.jp

Figure A2. 1 - State of world stocks in 2004
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Virtual Population Analysis

Hiroshi Hakoyama*

August 29, 2016

1 Backward calculation

Number alive number alive catch natural
atbeginning | = | atbeginning | — | this | — | mortality (1)

of nextyear of thisyear year thisyear

Number alive number alive catch natural
atbeginning | = | atbeginning | + | this | + | mortality (2)

of thisyear ofnextyear year thisyear
Ni = f(Ni41, Ci, D) (3)

For a single cohort of fish (all fish hatched at the same time), if we know
the catch of each year Ci(i =1,2,...,t— 1), the natural mortality D; and the
number of oldest fish Ny, we can calculate the number of fish each year Ny,
starting from the oldest ages and moving backward to the youngest.

2 Discrete Fisheries

Ni =Niy1 +Ci+ Dy (4)

Di:Ni(] —S) (5)
N; i

Ny = N G (6)

S

3 Continuous-time fishing and natural mortality

3.1 Cohort dynamics

Let N be the population of a cohort of fish at time t. The rate of population
decrease is expressed as follows:

dN
TN (™)

*FRA



where Z is the instantaneous coefficient of total mortality. The solution of Eq.(7)
is
Ny = No exp{—Zt}, (8)

or
N¢ = Njexp{—Z(t —1)}. 9)

Here we assume the mortality is decomposed into fishing mortality and nat-
ural mortality:
Z=F+M, (10)

where F is the instantaneous coefficient of fishing mortality, and M is that of
natural mortality. Both factors are independent.

3.2 Catch dynamics
Let h be the cumulative catch at time t. The dynamics of h is given by

an
dt
The solution of Eq.(11) is given as follows:

higa i+1
J dh = J FNdt,
hi

FN. (11)

i+1
Reet —hy = FJ Niexp{—Z(t — i)} dt,

1

= N fexp (-2t — ),

—1
=Ny —(exp{-~Z} 1),

_F
CF+M
where Cj is yearly catch; catch from time i to i+ 1.

C; = hit1 —hy Nl(] - eXP{—Z})) (12)

3.3 Gulland’s Virtual Population Analysis

The VPA model is based on following two formulae:
Nit1 = Nyexp{—(Fi + M)}, (13)

Fi(1 —exp{—(Fi + M)})
Ci =N;— .
v v FF+M
In this case, we can not calculate the explicit function Ny = f(Niy1, Ci, M)
from Eqgs.(13, 14), so we have to find N; numerically.
Note that we have a solution for F from Eq.(13),

(14)

Niy

1

F, = —log

~ M. (15)



4 Pope’s approximation

Pope’s approximation for the VPA model assumes instantaneous midyear fishery
(Fig. 1).

N; |
N;exp(-0.5 M) l
Niexp(-05M)-Ci} - o
Nigg b
i i+05 i+1

Figure 1: Instantaneous midyear fishery

Figure 1 indicates that the population size at time 1+ 0.5 multiplied by the
survival rate equals the population size at time i+ 1:

Nijg = (Niexp {—]\24} — Ci) exp {—]\24} . (16)

Thus, N; = f(Ni,1,Ci, M) can be expressed as follows:

M
Ni—NiJr]eXpM'FCieXp{z}. (17)

5 Example: The Pacific stock of walleye pollock
5.1 Model

Here we consider multiple cohorts. Let Ng ; be the number of fish at age a and
year i.

Nat1,i+1 = Ng,iexp{—(Fa,i + Ma)}, (18)
M
Na,i = Na+]’i+] exp M(l + Ca’i exp T y (19)
1
Fa,l = g(Fa,lf3 + Fa,lfl + Fa,lf1 )» (20)
Fri=Feo1, (21)
F M 1
Ny = —et ™ % (22)

T Far Ot 0 —exp{—(Far +Ma)))’



Pt + M
Ny,i = kaJﬁh (23)
ki

where a is age (a = 0,1,2,...,k—1,k). kis the last age of a year-class (k = 8).
k+ indicates the plus group which includes older ages k,k+1,k+2,.... iis year
(1 = 1981,1982,...,1998). The latest year 1 is 1998. Appendix A shows the
derivation of Eq.(23).

5.2 Procedure

e Assume arbitrary Fxi 1 (e.g., Fxp1=1)

Frpa+Miy

e Calculate Ny | = Fo

Crrpt

e Calculate Ny_7,1-1,Ny_21-2,... using Eq.(19)

e Calculate Fx—1,1-1,Fx—2,1—2,... using Fq; = —log N“Tﬂ]% — Mg
o Calculate Fy 11 using Fx 1—1 = Fx—1,1—1

e Calculate Nx_1,1-2,Nx_—21-3,... and Fx_1,1-2,Fk—2,1-3,...

e Calculate all N and F to backward likewise

e Calculate Fr_11 = 2(Fo1101 + Fror2 + Fro11-3)

Fr—ia+Mi 1

o Calculate Ni—1,1 = = == 1\ T re o7 M)

e Calculate all N and F to backward likewise

e Lastly calculate Fi 1 to be Fy 1 = Fx_1,1 using excel solver

6 Appendix A

Let Ny ¢ be the number of fish of the plus group k+ at time t. Ny, ¢ and
Cy+,¢ are expressed as:

Nic 41 = Nx—1 e exp{—(Zx—1)}+ Ny ¢ exp {—(Zx )} 4+ Nip1,¢ exp{—(Zx41)}+...,

(24)
Ciayt41 = Cit + Crgrye + Crga + e (25)
Using Egs.(13,14), we have
CiZ;
N; = %‘f‘NiJrh (26)
1

thus,



CiZ;
Ni = F =+ Nig
i
_ G4 n Cit1Zi + Niss
Fi Fiiq
_ Cizy n Cit1Zi1 n Ciy2Ziy2
Fy Fita Fij2

+ Niy3

Note that limyg_,o, Nitx = 0. Therefore, if we assume that F; =Fi1 1 =... =
Fi+, the number of fish of age 1 is expressed as:

Z:
Ni = (Ci + Cig1 +...) F}+
i+
_ Liy
=G Fiy
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Stable age distribution
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Model aggregation

Model aggregation

ARRZHGR S R T LD Eff{L

BYIRLANIVDT T )T =3V PERESZRET DI &3, &RE
PRI AT LZTLRd 5 L TEELREE

Determining appropriate levels of aggregation or complexity

constitutes a major problem in describing ecological systems (lwasa
1987, 1989).

EFIBREETIL - POUT =2 3V EEEICEDL>TWS

Model selection is closely related to model aggregation.
FTROEHICEDEEEMBRETILZAVWSI ZHIKTT 5ETILE
RiE. BHEOETIEHOBRICEDLZETIL - 77U T5G—Y3>E
BEICED>TWS
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Model aggregation

Perfect aggregation of deterministic nonlinear dynamics

Full dynamics (microdynamics)

dx; )
dtzzfi(xl,...,xn) i=1,...,n. (1)/
A reduced set of variables
yi =gij(x1,...,zn) j=1,....,m, m<n. (2)

A\

Aggregated dynamics (macrodynamics)

dy;
dt

=Fij(y1,...,ym) Jj=1,...,m. (3)

A\

If the macrovariables behave identically both in the full system and
in the aggregation, we say that ‘perfect aggregation’ is realized by
the aggregation scheme (lwasa 1987).
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Examples of perfect aggregation

Example 1: Exponential growth

microdynamics

dl‘l

yal axy + bxra,
d
% = cxy + dx1.

If and only if a+d =0+c¢,

macrodynamics

d
d—i:ry, where y =1 + 22 & r = a + d.
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Examples of perfect aggregation

Example 2: Age structure

microdynamics

dxy -
— = Zmlxz — (w1 +vz1)T1 — 9121,

=2
dﬂj’i .
qp  9i-1%i-1 = Uil = Gilie 1= 2,...,n—1,
dx,

E = gn—1Tn—1 — UnTn.

<

Reduced variables

dy1 = bix,
dys = baxy + - - - + by,

A
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Examples of perfect aggregation

Example 2: Age structure

If and only if,

m;/b; = constant, i =2,...n,
(bit1/b;i — 1)gi — u; = —uy,

then

macrodynamics

d
A;%} = (bimy/bp)y2 — (u1 + (v/b1)y1)y1 — 191,

dys
- = b b - UWn -
dt ( 291/ l)yl UnY2
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Examples of perfect aggregation

Example 3: Migration between local populations

microdynamics

L~ uer) + Dl — o),
P2 _ o) + D(ar — a).

If and only if fi(z1) = rx1 + b1 and fa(xa) = raxg + be

macrodynamics

d
di; =71y + (by +b2), where y=x; + x9.
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Approximate aggregation

Approximate aggregation

BTV T— 3y

RETFITIVT— 3 N TERWEETH. microdynamics &
macrodynamics DZEE)DIES Z HHEDEEREE U TEFHHEL T &KW
macrodynamics ZZ X T\ 2 &M TES (lwasa 1989).

| \

Best aggregated system

The best aggregated system greatly depends on the choice of
criterion, especially with regard to the selection of the time horizon
and of the weighting for the initial state (Iwasa 1989).

N
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Ecological Modelling

FRPICKEITHERETE

Bl Z (X
° ﬁ#%%lﬁébu, Food web dynamics
o {E{AEEENRE, Population dynamics

|

| - 1920 1940 1960 1980 2000
Pyhtoplankton W /
yntop addls = |
M|nnow
tonefl
T T T
1920 1940 1960 1980 2000

A FIVXZETIVELT S
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Probability Models

BREET) (BEEBONT) &7

o BN S AHD SHEE

o THERESERERETIANZZ A
o "EDNH=REX=BR" FHICFEIT S

o EXETILIIEN THENEZBEADRKIR

0.20 -

030

0.15

0.10 -

005
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Aims of the model

ETFTILOEK

SEFERVARZE, Empirical study
o RTE
o REiZREE L REE
o BRDIEEZIEM®

o EFIDREDHLEZ
Exl)

I3 %38, Forecast
o HEE & HNE
o T—HIMSEREDFH
o FHIBENBMTHD,
FHETILOIRE IZMEREIC
L7z Ly




FU®IC
°

Prediction accuracy

TRREZRDZED

BEOHERAHDLVWEENFAREZRA LEES
HERE

ETILDEMS UNSX=5%) DRDT B BT A IH
BTN, BERIESNZEANH S

Overfitting

PIRWT—FTELITEDINTA—FYZHET 5 Z &% Overfitting &
WS, ESNDETINIRRET IS EICKRELERD, FAMKE
FFEIMICIFET I %,

| A\
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Model selection

E7ILER

T=IOY YT A XFRENTNWS
BHS - BEDEBLIBBOBRET I ZAE

o

2]

Q@ FIATE3T—YIczhZhETd®H 3

QO BEOHERNHOBEERENLVWETILZRR
o

BALRINETFTILZFHICEAWS
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Model complexity

ETILDOEMS

I3 > Operating model > IERETIL

o WEICKRELIEWVFEMHLETIL
o T—HEEZDIHDETIL

SELETIL
0 INTA—=FHDPIZWVWETIL
o T—HILHTIFHBETIL

\
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Model, parameter and estimator

TFI)I, INTA—F, HTF=

o MERZH: X Bl
— —(z— 2
o EFIL: fo(x) fuo2(x) = \/2;02 exp (202“)
0o /I\TA—=%5:0 0= (u,o0?)
o T—H:x T = ($1>$27 73371)/
o HTEE: O(2) =13 a,02=15(2; - p)?
i=1 i=1



Estimator

EEEDHE

= 1w 0= iy S )

(2

o TiRHES: E[f] =0

3\*—‘

o RRNMRIETEE: NMREEEDH TR/I\DDEZRFD

= 13 (i — fi)?

=1

o —BUtES: E[0,) — 0 asn — oo

3\'—'
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. Maximum likelihood estimator @

%t?&ﬁ% jtg%ﬁ-ij(h__g—% 0= (91,92, . ,Qp), @ﬂE

0 = arg max L(6; x)
0



RALBEEDEE

o XY UHNMRHEEE TIZAL
ZERED — RN ERIREZ B IIHBA,

o —HIHEETHD

o HHAMICIERDTICHES

o BRENTDOAMENTING 7 + v ¥ v —EHITFI DRFTI:
0 ~N(0,7(6)")
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BEZH X DEOHHE f(v) T3

— f(x)
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SEBETFILONE g(z) ET 3

— f(0)
— g
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Discrepancy

DEEATRDTN | T

D f(z) EDFE g(z) DHWEICTN — ASHDNEBTEEL

— f(0)
— g




-6 -4 =2 0 2 Y] s

f(z):BEDD% (Operating model), gg(x): EETIL
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The discrepancy due to approximation

SEBUT & B R—B A(6))

ELELETIV go(z) DIEDTRANETILEE R B,

0) = arg min A(0)
0

REDEBETIV go,(v) EEDD f(2) EOR—EA(Oy) = "iE
BUC LB R—BU EMER,
FPUS & BTR—BLA(G)) 1E. go(z) DEABEICOMMKEFEL, T—F
ICIRTF LR WEHRTH %,



=
[ Jelele}

Example: Histogram

EX KT S5 LETIL (Linhart and Zucchini, 1986) D4l

BEBRK f(z) EERANT T L goW)(z) TELT BRE
1 ﬁJ\EUbrC EX I‘ﬁ%b\o)%é 0= (91, 92, .. ,91)/
AB) = [(f(z) — g5 (2))?d

HON f(z) 2BAET D ATV 9T SERNE
(n=52049)

3000

2500 - f(QE)

2000
£ 1500
1000

500

0
0 100 200 300 400 500 600 700 800
#HER (mm)
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Example: Histogram

LIS & B R—E

5 HOH f(2)
# BEODEMETIL go, ()
I1=10 1 =280
0 T T T T T T T 1 0 A\\‘W N S e L | T T T
0 100 200 300 400 500 600 700 800 O 100 200 300 400 500 600 700 800
&K (mm) &K (mm)

BHLELETIVIEE TIEER D ATEL
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Example: Histogram

EEICKDAR—E n=100

& REOEMETIL go, ) ()
7R HBT—Y n=100 hSEESNIGERETIL g, (2)

I =10 1=80

0 4’:‘:{: T T T 10 LB f T T 1
0 100 200 300 400 500 600 700 800 O 100 200 300 400 500 600 700 800

BHENETILIEETEFRONEN
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Example: Histogram

B BORE f(x)
o BHBT—F n =100 b SEESNIGAMETIL gD (2)

I=10 I =280

H

0 1 0
0 100 200 300 400 500 600 700 800 O 100 200 300 400 500 600 700 800
R (mm) &K (mm)

DRE U TERDELETILIFY TIEE D HAELN
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An empirical discrepancy

B —2

o A(0) D—BUEEEZEBRTA—HA,(0) EMER
o BRINF—HHEE: A,(0) ZR/INCT S 9 OfE

A~

0 = argmin A, (0)
0

o F, ZREBENMEAMEITNIE. A,(0) = A0, F,) IF—DDIRER
N—E



Discrepancy: Summary

N - R ))

o EDEFILF EEBETIL Gg DHTIEEDDES
o BMICISU THEL BR—HEIH A(Gy, F) NEZS5ND
o I\ YT A X TIFEMABRETILDOAR—EHVNE LWMEE

(2RD) A— = FEPUC L BF7— + #HFEIC K B2FA—HK
A(Gg, F) = A(Ge,, F) +  A(Gy,Gay)

R L B2




criteria

$H*#E  criterion

o HONTNKRMTHZN S, BEER—BAD) = A(Gy, F)
ERETERN

o UM U. RF—HOMZHE ErAQ) T — I N SHETES
o FHTRTUNSBA—BERT EFILEFUBELNEL
o IFR—HOWMFEEBEETILEROREL TS

o HEILL>T. EDONWENKRAMDXXFARBEDSWVDALIE
TINEBRZENTED



A

[ Je]

Example: Histogram

Bl EANT S LETIVORE

EF[A(é)] = Ep[[(f(z) — g5 (2))*da]

where §; = %l . (X i ICADT—5 OEH. [ 352K, LI
Aﬁ@f.o

Z DS BT I D MRTET B I .

Erlf(=2f(2)gs " () + g9 (x)")dx]

THD. ZOBLPFA—REES, ZOTEREE (%) &

st ()
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Example: Histogram

Bl EANT S LETILOETILZER. n =100

-0.0015

HLHE o002

-0.0025 I\,\N\/\/\/\/W\MN
o AN\A

VIOV RS B0 40 5 60 70

NIR—=FH, T
Best Model: I =10 Overfitting: I = 80

3 -
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Criterion: Summary

FREE-F &6

o HMET—H ErA(f) OREBNEFILEROBE

o IR A—HIIERTH D, EVETILEY Y TILY A X TRE
=ns

o Bl5, H3YYTILYA XKL T, EHOEYUETILOBH
SRR BRI E B DELEFINFETS 3

o ETIILERIE. ZOHMHEA—BR/NEBDIELETIVEHET
SMETH D

0 CZTHETIERIZ. EOEFTIEEILDTIEHRWL, &
PEFILOEE - A HZXLEZEFLELELTDIHDTHRWN
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Approximate criterion

UTBUAR #E

~

o —MRICEZLDIFBET. BIFHA—H ErA() PZDHEETH
DHERFEMITETCEL LN TERN

o ZIT. MAEMmICE D WAL BHRENE Z SN (eg,
Akaike, 1973, 1974; T, 1976; Linhart and Zucchini, 1986)

o BV TIHYAIDB+RICKEL, EODH SELDHH+7IC
EWEWSREDS & T, RERFEBHOHELZX RS

@ AIC(A Information Criterion; Akaike, 1973, 1974) (&, ZD &K
SIHEBHRED VO EDTH D

BUF. 1A (1976) (1238 > T Kullback-Leibler R—3UC & D W\ fo bl
REEEZ D
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Kullback-Leibler discrepancy

Kullback-Leibler ~—2%%

LELOHFHEZ & >R —BZEZS

A(8) = By [log 2| = [ f(a
f(z) ORHORDLTOT AL DBASNZBER>T NS
—
— &)

A(0) DS BRPETIZELEZ Kullback-Leibler F—E & IER :
Agr(0) = —Er[logge(x)] = — [ f(x)log go(x)dx



SEAFRAE
[ ]

Empirical Kullback-Leibler discrepancy

Kullback-Leibler M #RERA—3

Ak (0) (FHERZH X M f(2) ICHES & Z D log go(x) DHEAFET
HHNS, HODHHRANTHEY Y TILhSZFDO—HKETE, T4
DERBA—RZHETES .

An( ) A GO: = _*Zloggﬂ xz

BIAR—BHER 0 13 A, (0) DRAMETESNBH. L(0;z) A5
BEETHZINS, BAMTEETHD
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Asymptotic distribution of 6

0 OEHED TR

SO o g=0% 6 DEDTFA 5—EHL. 2 ROEXTLE B

96
BENS. 0 DFENTNEEBIERDHICHS L ZHETES !

A~

V(0 — 60) ~ N(0,J(60) " 1(60)J(80) ")

112 Us 0o EEBUC K B2R—BA0)) EEXZEKTH S, J(0)
L 1(0) id. RO &S BHAFTI CESESND

2
10) = ~Er [ s o2 90(o)|
116) = Br | 55 108.90(2) 53 lowgo(z)

go(x) = f(x) THNIX. J(0g) =1(6p) EED. X D f(x) ITRED
BEDORALHEEEDIENHIC—HT S
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Expansion of the expected KL discrepancy

Kullback-Leibler ~—E D ERH

AB) % 6y DEDLDTERUL. 2RODEXTES !
A 1 - , A
A(0) ~ A(6o) + 5(9 —60)'J(60)(0 — 6o) (1)
—H. M = A0y) — A, (0) BNTBESIC A(Oy) £ZET S -

A(B0) ~ An(0) + 36— 80 T(O0)(0 —60) + M (2)

fE>T 2 (1), (2) H5.

A(B) ~ An(8) + (6 — 60 (80)(0 — 0p) + M (3)
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Criterion of the KL discrepancy

Kullback-Leibler #3%£

LICKROHER 0 DIHESBELNEITI L D,
Er(6 — 60)'7(80)(6 — 00) ~ %trace 7(80)""1(60)

Xfces EpM =0 TH 5,
Zns &R (3) & D Kullback-Leibler R —EDHARHE .

EFA(é) ~ EFAn(é) + % trace J(eo)flf(oo)
KL#R%E (EFER—BOHEESE) F.

C = An(é) + %trace J(é)*lf(é) (4)
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A Information Criterion

AIC

= (4) T. J(0) = I(0) THNIZ.

trace J(0)'1(0) = p

ZoEE R (4) Oz 2n fEI B & AICIC—HT S !

AIC = —2L(8; x) + 2p
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Approximate criterion: Summary

IPREE R & O

o FHEBRELZEBFTBRVWETILTELCAWSZENTES

o EDAHEEBAHHENE E. trace J(0) 1 I(0) = p h& L
FBLE 2B

° 5&1@{%7“)[/73“%$ﬁ?‘,—§<0)%7—‘“)[/%ﬁ'ﬁ T&Z.%)i’a— &, aElc &
BR—HHANE VDT, trace J(0) 11(0) = p & T BEMAE
WETHBAEEDLH D

o BWIT/NTX—5H (M) HYlmIC/INS WEEIE
trace J(0)711(0) = p DELUITEL B ZEANH S
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BFEEDBRET A

BMLBETILIEFRICEL TWBHH?

o Fip - ZREBED H B EREEDMEFKDOFRHZITS
o THHVINTA—=FICHUT, EOREDEHS DHEMUET
IWEFRICAWSREN?
U EFEZOICEZ S
EVFALNOEZRAWVWT, FRADLHOETILZREIRT S
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— o BHIDHIL FoF %
il RASEOEINGE T
W L CTEESR
o HEETICIE 510 &
D
o MEBIXETICE > THE
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Fhy & ERBEZZERUICHERET )L, Operating Model

Xity1 = i Zy—s + Bi X + Xis€ig,

Zt = ZXZ"t’ €it Ll\q N(O, 0_22)
1=1

Xip > 0: /0y F i ORIt OfE

=2 a;: INYF 1 DEERE, o; >0

7, > 0: B% t DREEER Bis /N F i DETRE, i >0

X, = 0 (RN EE o2 I F i DRBEEEDNE
i 5 BUSAE TORSR

6 9 N(0,02): BELEH
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SERETIV

FhrzxEZEUHEERTETIL, Approximate Model 1

Ziv1 = Qly_s + BLy + Zyny,
e ~ N(07 72)

Zy > 0: BFZ t OFEFRE a: HERE, a >0
Z, = 0 (FIRINEE B: EBE B> 0

S N(0,42): BB v BIREE DL
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SERETIV

NIV RXETIL, Approximate Model 2

Zi1 = BZy+ Zymy,
e ~ N(O7 72)

Zy > 0: BFZ) t DFSEAEEL
Z, = 0 (ZRUNEE B: BH0%, 5> 0

. 2. Jmizz R 4,
" iid N(0,42): BEZH v RIBZEEDEL
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Distribution of Z;

WMERE Z, DREN =2

OM, Arrpox1, Approx2 @ 3 DDETILICDWT,
WERE Z, OFRENZEDTH f, 91, 92 BERDICHES J

OM: f(Zig1 | Xijtmsr Xojt—ss oy Ximt—ss X1,t, X2ty ooy Ximnyt) ~
N (SPy @i+ S0 (BiXa) X0 (02X2,))

Approxl: g1 (Zyst | Zi—s, Zt) ~ N (ozZt_s + BZt,’yQZtQ)

Approx2: g2 (Zyyt | Zy) ~ N (ﬁZt,’Y2Zt2)



Maximum likelihood estimator

RALHEE

OM, Arrpoxl, Approx2 D 3 DDETFILICDOWT, REHEE % f#
MMICELS 2 &N TE S, T2 OM D MLE DAHRY

Qi:{t’8+1StSTL—FS—l,tEN,X@t>O,Xi’t+1>O},

-5 1 X; Zy 2
2 _ 4,41 _Pt=s
GZ n — 2ui -1 tEZQ < Xi,t i Xz',t BZ> ’

Bﬁ _ 1 Z (Xz‘,t+1 N Ly
P — — Oy )
n—2u; —1 X; X;
7 teq; 2, 2,0
Z Xig+1Zt—s 1 Xijt41 Zi—s
teQ; Xt n72ui71 teQ; Xt teQ; X, ¢

2
> + a1 (Dens 22
teQ; X2 n72ui71 teQ; Xit

IEU w [EA—NIUIERE. 7 HIBDIBE, 27 /T A -5 —
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Maximum likelihood estimator

VFEREEBICHT ARAMEEE I ALYy

OMZRELT. 7VFFT—IDNSNIA—FDRALHEE L, ﬂDJ

ADDL L, EERENRFGWHEE R >TWS

o = {0.0184,0.00134, 0.0125, 0.00498, 0.139, 0.0254, 0.000826},
B = {0.858,0.801, 0.883,0.825,0.303, 0.698, 0.954},
o = {0.0190,0.160, 0.0546,0.0291, 0.039, 0.0700, 0.0620}.

DHY

/El
?



Model selection

FTVTFAILOEICEL B ETILER

o Fiin - EEBEETILZEDETIL (Operating Model) &9 3%
o MEARKET I ZHELUETILET S (1: Fip. 2:¥ILTR)

o ENR¥E5ZXT. OMMSEYTHIAT -9 ZLHELE

o ZTNZNDETIZREL T, BHERLHEE

o HDAMEHENH DT % Kullback-Leibler F—Fh 5 5 E

o Kullback-Leibler F—Z D EAFFED/ NS WE T )L Z 23




Kullback-Leibler discrepancy

Kullback-Leibler discrepancy: ED 73 &AM FH DT 1

SEORRINETILICH U TIE

n—+s—1

Ag-L f799 Z / P | 2ot [ (21 | 2e—s, Xe)d2i 11
t—s11 99 Zt+1 \ Zt— s;Zt)




Kullback-Leibler discrepancy

Kullback-Leibler discrepancy: f & g; DNERD T DIHE

—

f(:(}) ~ N(m, UQ)a gg(.%') ~ N(T/fl, 2)

2l f BEDD. g; $HEEREERAUENS 6

1 5 22 ~ 2 2 1
/log f(x)f(x)dx:2log;+nz\—@+nz\+U/\—

95() 202 o2 202 202 2

ZDFE. KLA—HEHRICHETE 5, SRIDERIIETILIE
ERDHTH B,
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KLA—EDRH: UV FFOERBEDOT—5 DiFE

53 ERDYF #F— I H SHELLBENHE LT, 3DDEFI
D KL R—BOHF% E> 7 AL DETHE L e

0.20¢ Approxl|
0.15 |
g Approxl|
Z 010
g
s OM
OVOS? 4‘7}:’»
0.00k= jﬂﬂfﬂ ‘
-10 -0.5 0.0 05 1.0 1.5

Log(Ak-1)

KL A —3DEIFHED K ZE & (& OM > Approxl > Approx2 DJET,
Operating Model ZFEW=FRINEHENT WS,
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KLA—DEFHEE T—FYDEDER : a <<

o T—HHEDEZNEE, OM D KL RA—HOERFEIRH/NE <
AN

o T—IHMDIEWNEE (16 FLUT). Approx2 Ak LY

o Approxl (. T—FHNMNE->TH OM DO FHBEN LS KRS
Z EEmWN (DEDFED a VNS WIEEDEE)

121
10 |\
\\ \
= \ Approx2
x o f \
< \ ~__ Approxl|
m - —
"
2 S OM
ok ‘ ‘ ‘ ‘
0 10 20 30 40

The amount of data



SESRE, a BHEBHK

KLA—BOHFEE T— 5 DEDER : a HELERIKX

o a NEBHKREL (aXDORLD 5ET. BIF1/5). LESIE
DiZAE. Approx2 (WILTXETIL) @%tﬁﬂﬂ%}#i)‘\%<@6
e OM & Approxl DFRIBEIFIELED, T—INDaNEEH
T Approx1 A& L

Approx2 -

E[Ak-.]
S

10p u Approxl

0 30 20
The amount of data
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KL RN—EDHAFRHE & IR B D BB R

o RIBZEIHINZ WHE. Approx2 TOFRIBEN L KB

0.00 0.05 0.10 0.15
The amount of environmental variance



EFEFOBRETE: XEH

o T—HHEHMNVIBWNWEE (TFFDIFE N=16). Tc& ZFhp - 2
BEN D > THEMATILTXETIL (Approx2) ZH W
FTHNMBENRTWS

o T—HHIEIFTTIHRL, NFIXA—FILL>TETILORSIFED
% (eg, REMRHOKES)

o MERMNNIEFABENGNZ2OMNMCOVWTRERAZEZX, S
BOREBEAHZEZDSEICKED
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